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1 Introduction

1.1 Overview of B

Classical B is a state-based method developed by Abrial for specifying, design-
ing and coding software systems. It is based on Zermelo-Fraenkel set theory
with the axiom of choice. Sets are used for data modelling, Generalised Sub-
stitutions are used to describe state modifications, the refinement calculus is
used to relate models at varying levels of abstraction, and there are a number
of structuring mechanisms (machine, refinement, implementation) which are
used in the organisation of a development. The first version of the B method
is extensively described in The B-Book [2]. It is supported by the Atelier B
tool [52] and by the B Toolkit [80].

Central to the classical B approach is the idea of a software operation
which will perform according to a given specification if called within a given
pre-condition. Subsequent to the formulation of the classical approach, Abrial
and others have developed a more general approach in which the notion of
event is fundamental. An event has a firing condition (a guard) as opposed
to a pre-condition. It may fire when its guard is true. Event based models
have proved useful in requirement analysis, modelling distributed systems
and in the discovery/design of both distributed and sequential programming
algorithms.

After extensive experience with B, current work by Abrial is proposing
the formulation of a second version of the method [4]. This distills experience
gained with the event based approach and provides a general framework for
the development of discrete systems. Although this widens the scope of the
method, the mathematical foundations of both versions of the method are the
same.
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1.2 Proof-based Development

Proof-based development methods [2, 17, 88] integrate formal proof techniques
in the development of software systems. The main idea is to start with a
very abstract model of the system under development. Details are gradu-
ally added to this first model by building a sequence of more concrete ones.
The relationship between two successive models in this sequence is that of
refinement [2,17,19,49]. The essence of the refinement relationship is that
it preserves already proved system properties including safety properties and
termination.

A development gives rise to a number of, so-called, proof obligations, which
guarantee its correctness. Such proof obligations are discharged by the proof
tool using automatic and interactive proof procedures supported by a proof
engine [52, 53].

At the most abstract level it is obligatory to describe the static properties
of a model’s data by means of an invariant predicate. This gives rise to proof
obligations relating to the consistency of the model. They are required to
ensure that data properties which are claimed to be invariant are preserved
by the events or operations of the model. Each refinement step is associated
with a further invariant which relates the data of the more concrete model to
that of the abstract model and states any additional invariant properties of
the (possibly richer) concrete data model. These invariants, so-called gluing
invariants are used in the formulation of the refinement proof obligations.

The goal of a B development, is to obtain a proved model. Since the devel-
opment, process leads to a large number of proof obligations, the mastering of
proof complexity is a crucial issue. Even if a proof tool is available, its effective
power is limited by classical results over logical theories and we must distribute
the complexity of proofs over the components of the current development, e.g.
by refinement. Refinement has the potential to decrease the complexity of the
proof process whilst allowing for traceability of requirements.

B Models rarely need to make assumptions about the size of a system
being modelled, e.g. the number of nodes in a network. This is in contrast to
model checking approaches [51]. The price to pay is to face possibly complex
mathematical theories and difficult proofs. The re-use of developed models and
the structuring mechanisms available in B help in decreasing the complexity.
Where B has been exercised on known difficult problems, the result has often
been a simpler proof development than has been achieved by users of other
more monolithic techniques [87].

1.3 Scope of the B Modelling

The scope of the B method concerns the complete process of software and
system development. Initially, the B method was mainly restricted to the de-
velopment of software systems [22,68, 76] but a wider scope for the method
has emerged with the incorporation of the event based approach [3,4,15,33,
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35,101] and is related to the systematic derivation of reactive distributed sys-
tems. Events are simply expressed in the rich syntax of the B language. Abrial
and Mussat [15] introduce elements to handle liveness properties. The refine-
ment of the event-based B method does not deal with fairness constraints but
introduces explicit counters to ensure the happening of abstract events, while
new events are introduced in a refined model. Among case studies developed
in B, we can mention the METEOR project [22] for controlling train traffic,
the PCI protocol [38], the IEEE 1394 Tree Identify Protocol [12]. Finally, B
has been combined with CSP for handling communications systems [32, 33]
and with action systems [35, 101].

The proposal can be compared to action systems [18], UNITY pro-
grams [49] and TLA [73] specifications but there is no notion of abstract
fairness like in TLA or in UNITY.

1.4 Related Techniques

The B method is a state-based method integrating set theory, predicate cal-
culus and generalized substitution language. We briefly compare it to related
notations.

Like Z [67,102], B is based on the ZF set theory; both notations share
the same roots, but we can point to a number of interesting differences. Z
expresses state change by use of before and after predicates, whereas the
predicate transformer semantics of B allows a notation which is closer to
programming. Invariants in Z are incorporated into operation descriptions and
alter their meaning, whereas the invariant in B is checked against the state
changes described by operations and events to ensure consistency. Finally B
makes a careful distinction between the logical properties of pre-conditions
and guards, which are not clearly distinguished in Z.

The refinement calculus used in B for defining the refinement between
models in the event-based B approach is very close to Back’s action systems,
but tool support for action systems appears to be less mechanized than B.

TLA™T |74,85] can be compared to B, since it includes set theory with the
e operator of Hilbert. The semantics of TLA temporal operators is expressed
over traces of states whereas the semantics of B actions is expressed in the
weakest precondition calculus. Both semantics are equivalent with respect to
safety properties, but the trace semantics of TLAT allows an expression of
fairness and eventuality properties that is not directly available in B.

VDM [60,71] is a method with similar objectives to classical B. Like B
it uses partial functions to model data, which can lead to meaningless terms
and predicates e.g. when a function is a applied outside its domain. VDM
uses a special three valued logic to deal with indefiniteness. B retains classi-
cal two valued logic, which simplifies proof at the expense of requiring more
care with indefiniteness. Recent approaches to this problem will be mentioned
later. ASM [36,64,97] and B share common objectives related to the design
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and the analysis of (software/hardware) systems. Both methods bridge the
gap between human understanding and formulation of real-world problems
and the deployment of their computer-based solutions. Each has a simple sci-
entific foundation: B is based on set theory and ASM is based on the algebraic
framework with an abstract state change mechanism. An Abstract State Ma-
chine is defined by a signature, an abstract state, a finite collection of rules
and a specific rule; rules provide an operational style very useful for modelling
specification and programming mechanisms. Like B, ASM includes a refine-
ment relation for the incremental design of systems; the tool support of ASM
is under development but it allows one to verify and to analyse ASMs. In
applications, B seems to be more mature than ASM, even if ASM has several
real successes like the validation [103] of Java and the Java Virtual Machine.

1.5 Summary

Next sections provide a short description of event B:

e the B language and elements on the classical B method: syntax and se-
mantics of operations, events, assertions, predicates, machines, models.
e the B modelling language and a simple introductory example: event B,
refinement, proof-based development.
e other sections illustrate the event B modelling method by case studies:
— Sequential algorithms.
— Combining coordination and refinement for sorting.
Spanning trees algorithms.
A distributed leader election algorithm.
e Final section concludes the chapter on the B modelling techniques and on
ongoing researches.

2 The B Language
2.1 The B Language for Sets, Predicates and Logical Structures

The development of a model starts by an analysis of the mathematical struc-
ture: sets, constants and properties over sets and constants and we produce
the mathematical landscape by requirements elicitation. However, the state-
ment of mathematical properties can be expressed using different assumed
properties; for instance, a constant n is a natural number and is supposed to
be greater than 3 - classically and formally written like n € N A n >3 -or a
set of persons is not empty - classically and formally written like persons # ().
Abrial et al [11] develop a structure language which allows to one to encode
mathematical structures and their accompanying theorems. Structures im-
prove the possibility of mechanized proofs but they are not yet in the current
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version of the B tools; there is a close connection with the structuring mech-
anisms and the algebraic structures [59], but the main difference is in the
use of sets rather than of abstract data types. B mathematical structures are
built with notations of set theory and we list the main notations (and their
meanings) used in further subsections; the complete notation is described in
the B book of Abrial [2].

Sets and Predicates

Constants can be defined using first order logic and set-theoretical nota-
tions of B. A set can be defined using either the comprehension schema
{x|x € s A P(z)}, or the Cartesian product schema s X t or using operators
over sets like power P(s) , intersection N and union U. y € s is a predicate
which can be sometimes simplified either fromy € {z |z € s A P(x)}
intoy € s A Ply),orfromaz — y € s x tintox € s Ay € t,or
fromt € P(s)intoVa.(xz € t = = € s) where x is a fresh variable. A
pair is denoted either (z, y )orxz — y.

A relation over two sets s and ¢ is an element of P(s x t); a relation r has
a domain dom(r) and a co-domain ran(r) . A function f from the set s to the
set t is a relation such that each element of dom(f) is related to at most one
element of the set ¢.

A function f is either partial f € A + B, ortotal f € A — B—.
Then, we can define the term f(x) for every element z in dom(f) using the
choice function (f(x) = choice(f[{x}]) where f[{z}] is the subset of ¢, whose
elements are related to x by f. The choice function assumes that there exists
at least one element in the set, which is not the case of the e operator that
can be applied to an empty set () and returns some value. If x — y € f then
y = f(x) and f(x) is well defined, only if f is a function and « is in dom(f).

We summarize in figure 1, set-theoretical notations that can be used in
the writing of formal definitions related to constants. In fact, the modelling
of data is oriented by sets, relations and functions; the task of the specifier is
then to use effectively those notations.

A Simple Case Study

Since we have a short space for explaining B concepts, we use a very simple
case study, namely the development of models for computing the factorial
function; we can illustrate the expressivity of the B language of predicates.
Other case studies can be found in complete work separately published (see
for instance, [2,3,9,12,13,38,42,43]). When considering the definition of a
function, we can use different styles to characterize it. A function is mathe-
matically defined as a (binary) relation over two sets, called source and target
and it satisfies the functionality property. The set-theoretical framework of
B invites us to follow this way for defining functions; however, a recursive
definition of a given function is generally used. The recursive definition states
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Name Syntax Definition
Binary Relation st P(s xt)
Composition of relations| 7r1;72 {z,ylr€a AN yeb A
dz(z€c N z,z€11 A 2z,y€ET2)}
Inverse relation r~' Hz,ylr € Pla) A yecPOb) A yxer}
Domain dom(r)| {ala€es A Tb(bet AN a—ber)}
Range ran(r) dom(r™1)
Identity id(s) {z,ylres N yes N z=y}
Restriction s<4r id(s);r
Co-restriction r>s r; id(s)
Anti-restriction s <7 (dom(r) —s)<r
Anti-co-restriction  |r >-s r > (ran(r) — s)
Image r[w] ran(w <)
Overriding q <—r (dom(r) <«=q)Ur
Partial Function s+t {rires—t A (r~Yr)Cid(t)}

Fig. 1. Set-theoretical notations

that a given mathematical object exists and that it is the least solution of a
fixed-point equation. Hence, a first step of the B development proves that the
function defined by a relation is the least fixed-point of the given equation.
Properties of the function might be assumed, but we prefer to advocate a style
of fully proved development with respect to a minimal set of assumptions. The
first step enumerates a list of basic properties considered as axioms and the
final step reaches a point where both definitions are proved to be equivalent.

First, we define the mathematical function factorial, in a classical way;
the first line states that factorial is a total function from N into N and the
next lines state that factorial satisfies a fixed-point and, by default, it is
supposed to be the least fixed-point. factorial is a B constant and has B
properties:

factorial € N — N A
factorial(0) =1 A
Vn.(n > 0 = factorial(n +1) = (n+ 1) x factorial(n))

In previous work on B [40], we use this definition and write it as a B prop-
erty (a logical assumption or an axiom of the current theory) but nothing
tells us that the definition is consistent and that it defines an existing func-
tion. A solution is to define the factorial function using a fixed-point schema
such that the factorial function is the least fixed-point of the given equa-
tion over relations. The factorial function is the smallest relation satisfying
some conditions and especially the functionality; the functionality is stated
as a logical consequence of the B properties. The point is not new but we
are able to introduce notions to students putting together fixed-point theory,
set theory, theory of relations and functions and the process of validation by
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proof (mechanically done by the prover). The computation of the factorial
function starts by a definition of the factorial function which is carefully and
formally justified using the theorem prover. factorial is still a B constant but
it is differently defined.

The factorial function is a relation over natural numbers and it is defined
by its graph over pairs of natural numbers:

(AXIOMS OR B PROPERTIES)

factorial € N < N A
0 — 1 € factorial A
n+— fn € factorial
Y(n, fn)- | =
n+1— (n+1)x fn € factorial

The factorial function satisfies the fixed-point equation and is the least
fixed-point:

(AXIOMS OR B PROPERTIES)

fe N« NA
00— 1€ fA
Vi-| V(n,fn)(n— fnef=n+l—(n+1)x fnef)
=
factorial C f

These last statements are B properties of the factorial function and from
these B properties, we should derive the functionality of the resulting least
fixed-point: factorial is a function is a logical consequence of the new defini-
tion of factorial.

(CONSEQUENCES OR B ASSERTIONS)

factorial € N — N A
factorial(0) =1 A
Vn.(n € N = factorial(n +1) = (n+ 1) X factorial(n))

Now, factorial is proved to be a function and no assumption concern-
ing the functionality is left unspecified or simply an assumption. Proofs are
carried out using the first order predicate calculus together with set theory
and arithmetic. When we have proved that factorial is a function, it means
that every derived property is effectively obtained by a mechanical process of
proof; the proof can be reused in another case study, if necessary. The proof is
an application of the induction principle; every inductive property mentions a
property over values of the underlying structure namely P(n); hence we should
quantify over predicates and derive theorems in higher order logic [11]. Using
a quantification over subsets of a set, we can get higher order theorems. For in-
stance, P(n) is represented by the following set {n|n € NATURAL A P(n)}
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and the inductive property is stated as follows; the first expression is given
in the B language and the second expression (equivalent to the first one) in
classical mathematical notation (succ denotes the successor function defined
over natural numbers):

B statement classical logical statement
PCNA P(n) a property on N A
0 ePA P0) A
VP .| succ[P] C P VP-| VYn>0-(P(n) = Pn+1))
= =
N C P) VYn > 0-P(n)

The higher-order aspect is achieved by the use of set theory, which offers
the possibility to quantify over all the subsets of a set. Such quantification
give indeed the possibility to climb up to higher-order in a way that is always
framed.

The structure language introduced by Abrial et al [11] can be useful to
provide the reuse of already formally validated properties. It is then clear
that the first step of our modelling process is an analysis of the mathemati-
cal landscape. The analysis of properties is essential, when dealing with the
indefiniteness of expressions and the work of Abrial et al [11] or the doctoral
thesis of Burdy [31] propose different ways to deal with this question. For in-
stance, the existence of a function like factorial may appear obvious but the
technique of modelling might lead to silly models, if no proof of definiteness
is done. The proof of the functionality of factorial necessitates to instantiate
the variable P in the inductive property by the following set:

{nln e N A 0.n <9 factorial € 0.n — N}

Now, we consider the structures in B used for organizing axioms, defini-
tions, theorems and theories.

Logical Structures in B

The B language of predicates denoted BP for expressing data and properties
combine set theory and first order predicate calculus with a simple arithmetic
theory. The B environment can be used to derive theorems from axioms; B
provides a simple way to express axioms and theorems using abstract ma-
chines without variables. It is a way to use the underlying B prover and to
implement the proof process that we have already described.

An abstract machine has a name m; the clause SETS contains definitions
of sets in the problem; the clause CONSTANTS allows one to introduce infor-
mation related to the mathematical structure of the problem to solve.
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The clause PROPERTIES contains the effective
MACHINE definitions of constants: it is very important
m to list carefully properties of constants in a
SETS way that can be easily used by the tool. The
s clause ASSERTIONS contains the list of theo-
CONSTANTS rems to be discharged by the proof engine. The
c proof process is based on the sequent calculus
PROPERTIES and the prover provides (semi-)decision proce-
P(s,c) dures [52] for proving the validity of a given
ASSERTIONS logical fact called a sequent, and allows one to
A(x) build interactively the proof by applying pos-
END sible rules of sequent calculus.

For instance, the machine FACTORIAL DEF introduces a new constant
called factorial satisfying given properties in the previous lines. The function-
ality of factorial is derived from the assumptions in the clause ASSERTIONS.

MACHINE
FACTORIAL DEF
CONSTANTS
factorial
PROPERTIES
factorial € N «— N A
0 — 1e€ factorial A
V(n, fn).(n+— fn € factorial = n+ 1+ (n+1) x fn € factorial) A
fe N - NA
00— 1€ fA
V- | V(n,fn).n— fnef=n+1—(n+1)x fnef
=
factorial C f

ASSERTIONS

factorial € N — N

factorial(0) =1 ;

Vn.in € N = factorial(n+1) = (n+ 1) x factorial(n))
END

The interactive prover breaks a sequent into simpler-to-prove sequents but
the user must know the global structure of the final proof. BP allows us to
define underlying mathematical structures required for a given problem; now
we should introduce how to specify states and how to describe transitions over
states.
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2.2 The B Language of Transitions

The B language is not restricted to classical set-theoretical notations and the
sequent calculus; it includes notations for defining transitions over states of the
model, called generalized substitutions. In its simple form, x := E(x), a gen-
eralized substitution looks like an assignment; the B language of generalized
substitutions called GSL. (Generalized Substitution Language) (see figure 2)
contains syntactical structures for expressing different kinds of (states) tran-
sitions. Generalized substitutions of GSL allow us to write operations in the
classical B approach [2]; a restriction over GSL leads to events in the so called
event-based B approach [4,15]. In the following sub-subsections, we address
the semantical issues of generalized substitutions and the differences between
operations and events.

Generalized Substitutions

Generalized substitutions provide a way to express transformations of state
variables of a given model. In the construct z := E(x), « denotes a vector of
state variables of the model, and E(x) a vector of expressions of the same size
as the vector z. The interpretation we shall give here to this statement is not
however that of an assignment statement. The class of generalized substitu-
tions contains the following possible forms of generalized substitutions:

x := FE (assignment).

skip (stuttering).

P|S (precondition) (or pre P then S end).

SOT (bounded choice) (or choice S; or S; END).

P = S (guard) (or select (or when) P then S end).

@z.S (unbounded choice).

x:€ S (set choice), x : R(xg,x), x : |R(xo,x). (generalized assignment).
S1; 52 (sequencing).

while B do S invariant J variant V' end.

The meaning of a generalized substitution S is defined in the weakest-
precondition calculus [57,58] by the predicate transformer AP € BP.[S|P
where [S|P means that S establishes P. Intuitively, it means that every ac-
cepted execution of S starting from a state s satisfying [S]P terminates in a
state satisfying P; certain substitutions can be feasibly executed (or accepted
for execution) by any physical computational device; it means also that S
terminates for every state of [S]P. The weakest-precondition operator has
properties related to implication over predicates: AP € BP.[S]P is monotonic
with respect to the implication, it is distributive with respect to the conjunc-
tion of predicates. The properties of the weakest-precondition operator are
known, since the work of Dijkstra [57,58] on the semantics defined by pred-
icate transformers. The definition of AP € BP.[S]P is inductively expressed
over the syntax of B predicates and the syntax of generalized substitutions.
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[S]P can be reduced to a B predicate, which is used by the proof-obligations
generator. Figure 2 contains the inductive definition of [S]P.

(or equivalently G|T')

Name Generalized substitution : S| [S]P
Assignment x:=F P(E/x)
Skip skip P
Parallel Composition |z := E||ly :=F [z,y := E,F|P
Non-deterministic z €S Vou.(v € S = P(v/x))
Choice in a Set
Relational Assignment | z : R(xo,x) Vvu.(R(zo,v) = P(v/x))
Unbounded Choice Qz.S Va.[S]P
Bounded Choice choice S; or S; end [S1]P A [S:2]P
(or equivalently S1]S2)
Guard select G then T end G = [T|P
(or equivalently G = S2)
Precondition pre G then T end G N [T|P

Generalized Guard

any t where G
then 7T end

Vi (G = [11P)

Sequential
Composition

ST

[ST1P

Fig. 2. Definition of GSL and [S]P

We say that two substitutions S; and S5 are equivalent, denoted S; = Ss,

if for any predicate P of the B language, [S1]P = [S2]P. The relation defines a
way to compare substitutions. Abrial [2] proves a theorem for normalized form
related to any substitution and it proves that a substitution is characterized
by a precondition and a computation relation over variables.

Theorem 1. [2]
For any substitution S, there exists two predicates P and Q where x’ is
not free in P such that: S = P|Qa’.(Q = z :=2').

The theorem tells us the importance of the precondition of a substitution,
which should be true, when the substitution is applied to the current state, else
the resulting state is not consistent with the transformation. @) is a relation
between the initial state  and the next state z’. In fact, a substitution should
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be applied to a state satisfying the invariant and should preserve it. Intuitively,
it means that, when one applies the substitution, one has to check that the
initial state is correct. The weakest-precondition operator allows to define
specific conditions over substitutions:

e Aborted computations: abt(S) &t for any predicate R, —[S|R and it de-
fines the set of states that can not establish any predicate R and that are

the non-terminating states.

. . . d . .
e Terminating computations: trm(.S) =) —abt(S) and it defines the termi-

nation condition for the substitution S.

e Miraculous computations: mir(5) = for any predicate R,[S]R and means
that among states, some states may establish every predicate R, for in-
stance FALSE, and they are called miraculous states, since they establish

a miracle. 4
e Feasible computations: fis(.S) 2] —mir(S) Miraculous states correspond
to non-feasible computations and the feasibility condition ensures that the

computation is realistic.

Terminating computations and feasible computations play a central role
in the analysis of generalized substitutions. The figures 3 and 4 provide two
lists of rules for simplifying trm(S) and fis(S) into the B predicates language;
both lists are not complete (see Abrial [2] for complete lists).

For instance, fis(select FALSE then z := 0 end) is FALSE and
mir(select FALSE then z:=0 end) is TRUE.

The substitution select FALSE then z := 0 end establishes any predicate
and is not feasible. We can not implement such a substitution in a program-
ming language.

A relational predicate can be defined using the weakest-precondition se-
mantics, namely prd,,(S), by the expression —[S](z # 2’) which is the relation
characterizing the computations of S. The figure 5 contains a list of definitions
of the predicate with respect to the syntax.

The next property is proved by Abrial and shows the relationship between
weakest-precondition and relational semantics. Predicates trm(S) and prd,(S)
are respectively defined in figure 3 and figure 5.

Theorem 2. [2]
For any substitution S, we have: S = trm(S)|Qa’.(prd,(S) = x := /)

Both theorems emphasize the role of the precondition and the relation in
the semantical definition of a substitution. The refinement of two substitu-
tions is simply defined using the weakest-precondition calculus as follows: S is
refined by T' (written S T T), if for any predicate P, [S]P = [T|P. We can
give an equivalent version of the refinement that shows that it decreases the
non-determinism. Let us define the following sets: pre(S) = {z|z € sAtrm(S)},
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Generalized substitution : S trm(S)

r:=F TRUE

skip TRUFE

z:€S TRUE

z : R(zo,x) TRUE

Qx.S Va.trm(S)

choice S; or S; end trm(S1) A trm(S2)
(or equivalently S1]S2)

select G then T end G = trm(T)

(or equivalently G = S3)

pre G then T end G A trm(T)

(or equivalently G|T')

any t where G then 7T end || Vt- (G = trm(T))

Fig. 3. Examples of definitions for trm(S)

rel(S) = {z,2'|x € s A2’ € s Aprd,(S)} and dom(S) = {z|x € s Afis(5)},
where s is supposed to be the global set of states.

The refinement can be defined equivalently using the set-theoretical ver-
sions: S is refined by 7', if, and only if, pre(S) C pre(T") and rel(T") C rel(S). We
can also use previous notations and define equivalently the refinement of two
substitutions by the expression: trm(S) = trm(7T) and prd,(T) = prd_(S).
The predicate prd,(S) relates S to a relation over x and 2’; it means that a
substitution can be seen like a relation over pairs of states.

The weakest-precondition semantics over generalized substitutions pro-
vides the semantical foundation of the generator of proof obligations; in the
next sub-subsections we introduce operations and events, which are two ways
to use the B method.
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Generalized substitution : S fis(S)

r:=F TRUE

skip TRUFE

x:€S S#£0

z : R(xo,x) Fv.(R(zo, v)
Qz.S Jaz.fis(S)

choice S; or S2 end fis(S1) V fis(S2)
(or equivalently S1]S2)

select G then T end G A fis(T)

(or equivalently G = Sb)

pre G then T end G = fis(T)
(or equivalently G|T')

any t where G then 7T end || 3¢ (G A fis(T))

Fig. 4. Examples of definitions for fis(.S)

Operations and Events

Generalized substitutions are used to construct operations of abstract ma-
chines or events of abstract models. Both notions will be detailed in the next
subsection. However, we should explain the difference between those two no-
tions. A (abstract) machine is a structure with a part defining data (SETS,
CONSTANTS, PROPERTIES), a part defining state (VARTABLES,INVARIANT)
and a part defining operations (OPERATIONS, INITTALISATION); it only gives
its potential user the ability to activate the operations, not to access its state
directly and this aspect is very important for refining the machine by making
changes of variables and of operations, while keeping their names. An opera-
tion has a precondition and the precondition should be true, when one calls
the operation. Operations are characterized by generalized substitutions and
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Generalized substitution : S prd, (S)

z:=F ¥ =FE

skip =z

z: €8 ' eS

x: R(xo,x) R(x,z’)

@z.S Jz.prd, (S) if z # 2
choice Si or S; end prd,(S1) V prd,(S2)
(or equivalently S1]S2)

select G then T end G A prd, (T)

(or equivalently G = S3)

pre G then T end G = prd, (T)
(or equivalently G|T')

any t where G then T end || 3t- (G A prd, (7))

Fig. 5. Examples of definitions for prd (S)

their semantics is based on the semantics of generalized substitutions (either
in the weakest-precondition-based style, or in the relational style). It means
that the condition of preservation of the invariant (or proof obligation) is
simply written as follows:

I Atrm(0) = [O]1 (1)

If one calls the operation, when the precondition is false, any state can
be reached and the invariant is not ensured. The style of programming is
called generous but it assumes that an operation is always called when the
precondition is true. An operation can have input and output parameters and
it is called in a state satisfying the invariant and it is a passive object, since
it requires to be called to have an effect.
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On the other hand, an event has a guard and is triggered in a state vali-
dating the guard. Both operation and event have a name, but an event has no
input and output parameters. An event is observed or not observed. and pos-
sible changes of variables should maintain the invariant of the current model:
the style is called defensive. Like an operation, an event is characterized by
a generalized substitution and it can be defined by a relation over variables
and primed variables: a before-after predicate denoted BA(e)(z,2’). An event
is essentially a reactive object and reacts with respect to its guard grd(e)(z).
However, there is a restriction over the language GSL used for defining events
and we authorize only three kinds of generalized substitutions (see the fig-
ure 6). In the definition of an event, three basic substitutions are used to
write an event (z := E(x), z: € S(z), x: P(zo,x)) and the last substitution
is the normal form of the three ones. An event should be feasible and the
feasibility is related to the feasibility of the generalized substitution of the
event: some next state must be reachable from a given state. Since events are
reactive objects, related proof obligations should guarantee that the current
state satisfying the invariant should be feasible. The figure 7 contains the def-
inition of guards of events. We leave the classical abstract machines of the B
classical approach and we illustrate the system modelling through events and
models.

When using the relational style for defining the semantics of events, we use
the style advocated by Lamport [73] in TLA; an event is seen as a transforma-
tion between states before the transformation and states after the transfor-
mation. Lamport uses the priming of variables to separate before values from
after values. Using this notation and supposing that xy denotes the value
of = before the transition of the event, events can get a semantics defined
over primed and unprimed variables in figure 6. The before-after predicate is
already defined in the B book as the predicate prd,(S) defined for every sub-
stitution S (see sub-subsection 2.2). S. Merz [85] introduces the TLA/TLA*
modelling language in this volume.

Any event e has a guard defining the enabledness condition over the cur-
rent state and it expresses the existence of a next state. For instance, the
disjunction of all guards is used for strengthening the invariant of a B sys-
tem of events to include the deadlock freedom of the current model. Before
to introduce B models, we give the expression stating the preservation of a
property (or proof obligation) by a given event e:

I(x) = e] I(z) (2)
or equivalently in a relational style
I(x) N BA(e)(z,2) = I(2) (3)

BA(e)(x, ') is the before-after relation of the event e and I(z) is a state
predicate over variables x. The equation 1 states the proof obligation of the
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Event : E Before-After Predicate

begin z : P(zo,z) end P(z,z")

when G(z) then z: P(z0,z) end || G(z) A P(z,2')

any t where G(t, ) It (G(t,z) A P(z,2',t))

then z:P(zo,z,t) end

Fig. 6. Definition of events and before-after predicates of events

Event : E Guard: grd(E)
begin S end TRUE
when G(z) then T end G(x)

any ¢ where G(t,z) then T end || 3t G(t, )

Fig. 7. Definition of events and guards of events

operation O using the weakest-precondition operator and the equation 3 de-
fines the proof obligation for the preservation of I(x), while e is observed.
Since the two approaches are semantically equivalent, the proof-obligations
generator of the Atelier B can be reused for generating those assertions in the
B environment.

The SELECT event is the previous notation for the WHEN event; both
are equivalent; however, the WHEN notation captures the idea of reactiv-
ity of guarded events; Bf [5,69] will provide other notations for combin-
ing events. The event-B notation is enriched by the following notation:
begin z : | P(zp,x) end which means that the value of the variable x is set
to any value such that P(zg, ) where xg is the value of  before the event. In
the next subsection, we detail abstract machines and abstract models, which
are using operations and events.
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3 B Models

3.1 Modelling Systems

Systems under consideration are software systems, control systems, protocols,
sequential and distributed algorithms, operating systems, circuits; they are
generally very complex and have parts interacting with an environment. A
discrete abstraction of such systems constitutes an adequate framework: such
an abstraction is called a discrete model. A discrete model is more generally
known as a discrete transition system and provides a view of the current sys-
tem; the development of a model in B follows an incremental process validated
by the refinement. A system is modelled by a sequence of models related by
the refinement and managed in a project.

A project [2,4] in B contains information for editing, proving, analysing,
mapping and exporting models or components. A B component has two
separate forms: a first form concerns the development of software models and B
components are abstract machine, refinement, implementation; a second form
is related to modelling reactive systems using the event-based B approach and
B components are simply called models. Each form corresponds to a specific
approach for developing B components; the first form is fully supported by
the B tools [52, 80] and the second one is partly supported by tools [52]. In the
next sub-subsections, we overview each approach based on the same logical
and mathematical concepts.

Modelling Systems in the B Classical Approach

The B method [2] is historically applied to software systems and has helped
in developing safe software controlling trains [22]. The scope of the method
is not restricted to the specification step but includes facilities for designing
larger models or machines gathered in a project. The basic model is called
an abstract machine and is defined in the A(bstract) M(achine) N(otation)
language. We describe an abstract machine in the next figure. An abstract
machine encapsulates variables defining the state of the system; the state
should conform to the invariant and each operation should be called, when
the current state satisfies the invariant. Each operation should preserve the
invariant, when it is called.

An operation may have input/output parameters and only operations can
change state variables. An abstract machine looks like a desk calculator and
each time a user presses the button of an operation, he should check that
the precondition of the operation is true, else no preservation of invariant can
be ensured (for instance, division by zero). Structuring mechanisms will be
reviewed in the sub-subsection 3.1. An abstract machine has a name m; the
clause SETS contains definitions of sets; the clause constants allows one to
introduce information related to the mathematical structure of the problem
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to solve and the clause PROPERTIES contains the effective definitions of con-
stants: it is very important to list carefully properties of constants in a way
that can be easily used by the tool. We do not mention structuring mecha-
nisms like sees, includes, extends, promotes, uses, imports but they can help
in the management of proof obligations.

The second part of the abstract machine
defines dynamic aspects of state variables

MACHINE and properties over variables using the gen-
m erally called inductive invariant and us-
SETS ing assertions generally called safety prop-
s erties. The invariant I(z) types the vari-
CONSTANTS able x, which is assumed to be initialized
c with respect to the initial conditions and
PROPERTIES which is supposed to be preserved by op-
P(s,c) erations (or transitions) of the list of op-
VARIABLES erations. Conditions of verification called
T proof obligations are generated from the
INVARIANT text of the model using the first part for
I(2) defining the mathematical theory and the
ASSERTIONS second part is used to generate proof obli-
A(x) gations for the preservation (when calling
INITIALISATION the operation) of the invariant and proof
<substitution> obligations stating the correctness of safety
OPERATIONS properties with respect to the invariant.
<list of operations> The figure 8 contains an example of an ab-
END stract machine with only one operation set-
ting the variable result to the value of the

factorial(m), with m a constant.

Modelling Systems in the Event-based B Approach

Abstract machines are based on classical mechanisms like the call of opera-
tion or the input/output mechanisms. On the other hand, reactive systems
reacts to the environment with respect to external stimuli; abstract models
of the event-based B approach intend to integrate the reactivity to stimuli by
promoting events rather than operations. Contrary to operations, events have
no parameters and there is no access to state variables. At most one event is
observed at any time of the system.

A (abstract) model is made up of a part defining mathematical structures
related to the problem to solve and a part containing elements on state vari-
ables, transitions and (safety and invariance) properties of the model. Proof
obligations are generated from the model to ensure that properties are ef-
fectively holding: it is called internal consistency of the model. A model is
assumed to be closed and it means that every possible change over state vari-
ables is defined by transitions; transitions correspond to events observed by
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MACHINE
FACTORIAL MAC
CONSTANTS
factorial, m
CONSTANTS
factorial
PROPERTIES
me NA
factorial e N «— N A
feN - NA
00— 1€ fA
vVi-| V(in,fn).(n— fnef=n+l—n+1)x fnef
=
factorial C f

VARIABLES
result
INVARIANT
result € N
ASSERTIONS
factorial € N — N
factorial(0) =1 ;
Vn.(n € N = factorial(n +1) = (n+ 1) X factorial(n))

INITTALISATION

result :€ N
OPERATIONS

computation = begin result := factorial(m) end
END

Fig. 8. An example of an abstract machine for the factorial computation

the specifier. A model m is defined by the following structure. A model has a
name m; the clause SETS contains definitions of sets of the problem; the clause
CONSTANTS allows one to introduce information related to the mathematical
structure of the problem to solve and the clause PROPERTIES contains the ef-
fective definitions of constants: it is very important to list carefully properties
of constants in a way that can be easily used by the tool. Another point is the
fact that sets and constants can be considered like parameters and extensions
of the B method exploit this aspect to introduce parametrization techniques
in the development process of B models. The second part of the model de-
fines dynamic aspects of state variables and properties over variables using
the invariant called generally inductive invariant and using assertions called
generally safety properties. The invariant I(x) types the variable z, which is
assumed to be initialized with respect to the initial conditions and which is
preserved by events (or transitions) of the list of events.
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Conditions of verification called proof obligations are generated from the
text of the model using the first part for defining the mathematical theory and
the second part is used to generate proof obligations for the preservation of
the invariant and proof obligations stating the correctness of safety properties
with respect to the invariant. The predicate A(z) states properties derivable
from the model invariant. A model states that state variables are always in a
given set of possible values defined by the invariant and it contains the only
possible transitions operating over state variables.

A model is not a program and no control flow is related to it; however,
it requires a validation but we first define the mathematics for stating sets,
properties over sets, invariants, safety properties. Conditions of consistency
of the model are called proof obligations and they express the preservation of
invariant properties and avoidance of deadlock.

MODEL
m | I Proof obligation |
SETS
s (INV1) Init(z) = I(x)
CONSTANTS
¢
PROPERTIES (INV2) || I(z) A BA(e)(z,2") = I(z')
P(s,c)
VARIABLES
x (DEAD)|| I(z) = (grd(e1) V ... grd(en))
INVARIANT
I(x) . .
ASSERTIONS e1, ..., e, is the list of events of the model
Alz) m. (INV1) states the initial condition which
INITIALISATION should establish the invariant. (INV2) should
<substitution> be checked for every event e of the model,
EVENTS where BA(e)(x, ') is the before-after predi-
<list of events> cate of e. (DEAD) is the condition of deadlock-
END freedom: at least one event is enabled.

Finally, predicates in the clause ASSERTIONS should be implied by the
predicates of the clause INVARIANT; the condition is simply formalized as
follows:

P(s,c) N I(z) = A(x)

Finally, the substitution of an event must be feasible; an event is feasible
with respect to its guard and the invariant I(z), if there is always a possible
transition of this event or equivalently, there exists a next value x’ satisfying
the before-after predicate of the event. The feasibility of the initialisation
event requires that at least one value exists for the predicate defining the
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initial conditions. The feasibility of an event leads to a readability of the form
of the event; the recognition of the guard in the text of the event simplifies
the semantical reading of the event and it simplifies the translation process
of the tool: no guard is hidden inside the event. We summarize the feasibility
conditions in the next table.

Event : Feasibility : fis(E)

x : Init(x) Iz - Init(z)

begin z : P(xo,z) end I(z) = 3z’ P(x,2")

when G(z)

then z: P(zo,z) end I(z) A G(z) = 32’ P(x,2)
e T | 1@ A Gl = 3P

Proof obligations for a model are generated by the proof-obligations gen-
erator of the B environment; the sequent calculus is used to state the validity
of the proof obligations in the current mathematical environment defined by
constants, properties. Several proof techniques are available but the proof
tool is not able to prove automatically every proof obligation and interac-
tions with the prover should lead to prove every generated proof obligation.
We say that the model is internally consistent when every proof obligation is
proved. A model uses only three kinds of events, while the generalized sub-
stitutions are richer; but the objectives are to provide a simple and powerful
framework for modelling reactive systems. Since the consistency of a model
is defined, we should introduce the refinement of models using the refine-
ment of events defined like the substitution refinement. We reconsider the
example of the factorial function and its computation and we propose the
model of the figure 9. As you notice, the abstract machine fac and the ab-
stract model fac are very close and the main difference is in the use of events
rather than operations: the event computation eventually appears or is exe-
cuted, because of the properties of the mathematical function called factorial.
The operation computation of the machine in the figure 8 is passive, but the
event computation of the model in the figure 9 is reactive, when it is possible.
Moreover, events may hide other ones and the refinement of models will play a
central role in the development process. We present in the next sub-subsection
classical mechanisms for structuring developed components of specification.
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MODEL
FACTORIAL _EVENTS
CONSTANTS
factorial, m
CONSTANTS
factorial
PROPERTIES
mée NA
factorial ¢ N «— N A
0+— 1€ factorial N
V(n, fn).(n— fn € factorial == n+1— (n+1) X fn € factorial) A
feN < NA
00— 1€ fA
V| Y(n,fn).(n— fne f=n+1l—(n+1)x fnef)
=
factorial C f

VARIABLES
result
INVARIANT
result € N
ASSERTIONS
factorial € N — N
factorial(0) =1 ;
Vn.(n € N = factorial(n+ 1) = (n+ 1) X factorial(n))

INITTALISATION

result :€ N
EVENTS

computation = begin result := factorial(m) end
END

Fig. 9. An example of an abstract model for the factorial computation

Structuring Mechanisms of the B Method

In the last two sub-subsections, we have introduced B models following the
classification into two main categories abstract machines and models; both are
called components but they are not dealing with the same approach. We detail
structuring mechanisms of both approaches to be complete on references of
work on B.

Sharing B Components

The AMN notation provides clauses related to structuring mechanisms in com-
ponents like abstract machines but also like refinements or implementations.
The B development process starts from basic components mainly abstract
machines and is layered development; the goal is to obtain implementation
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components through structuring mechanisms like INCLUDES, SEES, USES,
EXTENDS, PROMOTES, IMPORTS, REFINES. The clauses INCLUDES, SEES,
USES, EXTENDS, PROMOTES, IMPORTS, REFINES allow one to compose B
components in the classical B approach and every clause leads to specific
conditions for use. Several authors [30,93] analyse the limits of existing B
primitives to share data, while refining and composing B components; it is
clear that the B primitives for structuring B components can be used follow-
ing strong conditions on the sharing of data and operations. The limits are
mainly due to the reuse of already proved B components; reuse of variables,
invariants, constants, properties, operations. In fact, the problem to solve is
the management of interferences among components and the seminal solu-
tion of Owicki and Gries [91] faces the combinatorial explosion of the number
of proof obligations. The problem is to compose components according to
given constraints of correctness. The new event-based B approach considers
a different way to cope with structuring mechanisms and considers only two
primitives: the REFINES primitive and the DECOMPOSITION primitive.

B Classical Primitives for Combining Components

We focus on the meaning and the use of five primitives for sharing data and
operations among B components, namely INCLUDES,SEES, USES, EXTENDS,
PROMOTES. Each primitive is related to a clause of the AMN notation and
allows access to data or operations of already developed components; specific
proof obligations state conditions to ensure a sound composition. A structur-
ing primitive makes accessed components visible under various degrees from
the accessing component.

The INCLUDES primitive can be used in an abstract machine or in a re-
finement; the included component allows the including component to modify
included variables by included operations; the included invariant is preserved
by the including component and is really used by the tool for deriving proofs
of proof obligations of the including component. The including component
can not modify included variables but it can use them in read access. No in-
terference is possible under those constraints. The USES primitives can only
appear in abstract machines and using machines have a read-only access to
the used machine, which can be shared by other machines. Using machines
can refer to shared variables in their invariants and data of the used machine
are shared among using machines. When a machine uses another machine,
the current project must contain another machine including the using and the
used machines. The refinement is related to the including machine and the
using machine can not be refined. The SEES primitive refers to an abstract
machine imported in another branch of the tree structure of the project and
sets, constants and variables can be consulted without change. Several ma-
chines can see the same machine. Finally, the EXTENDS primitive can only
be applied to abstract machines and only one machine can extend a given
machine; the EXTENDS primitive is equivalent to the INCLUDES primitive
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followed by the PROMOTES primitive for every operation of the included ma-
chine. For instance, we can illustrate the implementation and we can show
that the implementation of the figure 10 implements (refines) the machine
of the figure 8. The operation computation is refined or implemented by a
while statement; proof obligations should take into account the termination
of the operation in the implementation: the variant establishes the termina-
tion. Specific proof obligations are produced to check the absence of overflow
of variables.

IMPLEMENTATION

FACTORIAL IMP
REFINES

FACTORIAL MAC
VALUES

m=>5
CONCRETE VARIABLES

result, x
INVARTANT

r€e0.n A

result = factorial(z)
ASSERTIONS

factorial(5) = 120 A

result < 120
INITTALISATION

result :=1;x:=0
OPERATIONS

computation =

while z < m do
r:=x+1;fn:=x X fn

invariant
rze€0.m
result = factorial(z)
result < factorial(m)
variant
m—x
end

END

Fig. 10. An example of an implementation for the factorial computation

Organizing Components in a Project

The B development process is based on a structure defined by a collection of
components which are either abstract machines, refinements or implementa-
tions. An implementation corresponds to a stage of development leading to
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the production of codes when the language of substitutions is restricted to
the B0 language. The B0 language is a subset of the language of substitutions
and translation to C, C++ or ADA is possible in tools. The links between
components are defined by the B primitives previously mentioned and by the
refinement.

When building a software system, the development starts from a document
which may be written in a semi-formal specification language; the system
is decomposed into subsystems and a model is progressively built using B
primitives for composing B components. We emphasize the role of structuring
primitives, since they allow to distribute the global proof complexity. The
B development process covers the classical life cycle: requirements analysis,
specification development, (formal) design and validation through the proof
process and animation. K. Lano [75] illustrates an object-oriented approach of
the B development and it identifies the layered development paradigm that we
have already mentioned through B primitives. Finally, implementations are B
components that are close to real code; in an implementation component, an
operation can be refined by a while loop and the checking should prove that
the while loop is terminating.

Structures for the Event-based B Approach

While the B classical approach is based on the B components and B struc-
turing primitives, the event-based B approach promotes two concepts: the re-
finement of models and the decomposition of models [4]. As we have already
mentioned, the classical B primitives have limits in the scope of their use; we
need mainly to manage sharing data but without generating too many proof
obligations. So the main idea of Abrial is not to compose, but to decompose a
first model and to refine models obtained after decomposition step. The new
proposed approach simplifies the B method and focuses on the refinement. Tt
means that previous development in the B classical approach can be replayed
in the event-based B one. Moreover, the foundations of B remain useful and
usable in the current environment of the Atelier B. In the next subsection, we
describe the mathematical foundations of B and we illustrate B concepts in
the event-based B approach.

Summary on Structuring Structuring Mechanisms

We have reviewed structuring mechanisms of the classical B approach and
the new ones proposed for the event-based B approach. While the classi-
cal approach provides several mechanisms for structuring machines, only two
mechanisms supports the event-based approach. In fact, the crucial point is
to compose abstract models or abstract machines; the limit of composition is
related upon the production of a too high number of proof obligations. The
specifier wants to share state variables in read and write mode; the structuring
mechanisms of classical B do not allow the sharing of variable, but in read
mode. Our work on the feature interaction problem [39] illustrates the use of
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refinement for composing features and other approaches based on the detec-
tion of interaction by using a model checker on finite models, do not cope the
global problem because of finite models. Finally, we think that the choice of
events with the refinement provides a simple way to integrate proof into the
development of complex systems and conforms to the view of systems through
different abstractions, thanks to the stuttering [73]. We have not mentionned
the clause DEFINITIONS which providesg a way to introduce new definitions
in a model and which is a macro-expansion mechanism.

3.2 Proof-based Development in B
Refinement of B Models

The refinement of a formal model allows one to enrich a model in a step by step
approach. Refinement provides a way to construct stronger invariants and also
to add details in a model. It is also used to transform an abstract model in a
more concrete version by modifying the state description. This is essentially
done by extending the list of state variables (possibly suppressing some of
them), by refining each abstract event into a corresponding concrete version,
and by adding new events. The abstract state variables, x, and the concrete
ones, y, are linked together by means of a, so-called, gluing invariant J(x,y).
A number of proof obligations ensure that (1) each abstract event is correctly
refined by its corresponding concrete version, (2) each new event refines skip,
(3) no new event take control for ever, and (4) relative deadlockfreeness is
preserved. We detail proof obligations of a refinement, while introducing the
syntax of a refinement in the figure 11.

A refinement has a name r; it is a model refining a model m in the clause
REFINES and m can be a refinement. New sets, new constants and new prop-
erties can be declared in the clauses SETS, CONSTANTS or PROPERTIES.
New variables y are declared in the clause variables and are the concrete
variables; variables x of the refined model m are called the abstract variables.
The gluing invariant defines a mapping between abstract, variables and con-
crete ones; when a concrete event, occurs, there must be a corresponding one
in the abstract model: the concrete model simulates the abstract model. The
clause VARIANT controls new events, which can not take the control over
others events of the system. In a refinement, new events may appear and are
refining an event SKiP; events of the refined model can be strengthened and
one should prove that the new model does not contain more deadlock config-
urations than the refined one: if a guard is strengthened too much, it can lead
to a dead refined event.

The refinement r of a model m is a system; its trace semantics is based on
traces of states over variables x and y and the projection of concrete traces
on abstract traces is a stuttering-free traces semantics of the abstract model.
The mapping between abstract and concrete traces is called a refinement
mapping by Lamport [73] and the stuttering is the key concept for refining
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REFINEMENT
r
REFINES
m
SETS
t
CONSTANTS
d
PROPERTIES
Q(t,d)
VARTABLES
Y
INVARIANT
J(z,y)
VARIANT
V(y)
ASSERTIONS
B(y)
INITTALISATION
y: INIT(y)
EVENTS
<list of events>
END

Fig. 11. Syntax of a refinement model

events systems. When an event e of m is triggered, it modifies variables y and
the abstract event refining e modifies z. Proof obligations make precise the
relationship between abstract model and concrete model.

The abstract system is m and the concrete system is r; INIT(y) denotes
the initial condition of the concrete model; I(x) is the invariant of the refined
model m; BAC(y,y') is the concrete before-after relation of an event of the
concrete system r and BAA(x,2’) is the abstract before-after relation of the
event of the abstract system m; Gi(z), ...Gp(x) are the guards of the n
abstract events of m; Hq(y), ..., Hi(y) are the guards of k concrete events of
r. Formally, the refinement of a model is defined as follows:

e (REF1) INIT(y) = Fx.(Init(x) N J(x,y)):

The initial condition of the refinement model imply that there exists an
abstract value in the abstract model such that that value satisfies the
initial conditions of the abstract one and implies the new invariant of the
refinement model.



The event-B Modelling Method 61

e (REF2) I(z) A J(z,y) A BAC(y,vy') = 32’ .(BAA(z,2") N J(z',y')):

The invariant in the refinement model is preserved by the refined event
and the activation of the refined event triggers the corresponding abstract
event.

e (REF3) I(z) A J(z,y) A BAC(y,vy') = J(x,y):

The invariant in the refinement model is preserved by the refined event
but the event of the refinement model is a new event which was not visible
in the abstract model; the new event refines skip.

e (REF4) I(z) N J(x,y) A (Gi(x) V...V Gp(x)) = Hi(y) V...V Hig(y):

The guards of events in the refinement model are strengthened and we have
to prove that the refinement model is not more blocked than the abstract.

(REF5) I(x) A J(z,y)) = V(y) € N and

e (REF6) I(z) A J(z,y) AN BAC(y,v') = V(y) <V(y):

New events should not block forever abstract ones.

The refinement of models by refining events is close to the refinement
of action systems [17], the refinement of UNITY and the TLA refinement,
even if there is no explicit semantics based on traces but one can consider
the refinement of events like a relation between abstract traces and concrete
traces. The stuttering plays a central role in the global process of development
where new events can be added into the refinement model. When one refines
a model, one can either refine an existing event by strengthening the guard
or/and the before-after predicate (removing non-determinism), or add a new
event which is supposed to refine the skip event. When one refines a model
by another one, it means that the set of traces of the refined model contains
the traces of the resulting model with respect to the stuttering relationship.
Models and refined models are defined and can be validated through the proofs
of proof obligations; the refinement supports the proof-based development and
we illustrate it by a case study on the development of a program for computing
the factorial function.

Proof-based Development in Action

The B language of predicates, the B language of events, the B language of
models and the B refinement constitute the B method; however, the objectives
of the B method are to provide a framework for developing models and finally
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programs. The development is based on proofs and should be validated by
a tool. The current version of Atelier B groups B models into projects; a
project is a set of B models related to a given problem. The statement of
the problem is expressed in a mathematical framework defined by constants,
properties, structures and the development of a problem starts from a very
high level model which is simply stating the problem in an event-based style.
The proof tool is central in the B method, since it allows us to write models
and to validate step-by-step each decision of development; it is an assistant
used by the user to integrate decisions into the models, especially by refining
them. The proof process is fundamental and the interaction of a user in the
proof process is a very critical point. We examine the different aspects of
the development by an example. The problem is to compute the value of
the factorial function for a given data n. We have already proved that the
(mathematical) factorial function exists and we can reuse its definition and
its properties. Three successive models are provided by development, namely
Facl (the initial model stating in one-shot the computation of factorial(n)),
Fac2 (refinement of the model Facl computing step by step factorial(n)),
Fac3 (completing the development of an algorithm for factorial(n)).

We begin by writing a first model which is re-phrasing the problem and
we simply state that an event is calculating the value factorial(n) where n is
a natural number. The model has only one event and is the one-shot model:

computation =
begin fn := factorial(n) end

fn is the variable containing the value computed by the program; the
expression one-shot means that we show a solution just by assigning the value
of mathematical function to fn. It is clear that the one-shot event is not
satisfactory, since it does not describe the algorithmic process for computing
the result. Proofs are not difficult, since they are based on the properties
stated in the preliminary part. Qur next model will be a refinement of Facl. It
will introduce an iterative process of computation based on the mathematical
definition of factorial. We therefore add a new event prog which is extending
the partial function under construction called fac that contains a partial
definition of the factorial function.

progress =
when n ¢ dom(fac) then
any x where
x €N A xzedom(fac) A z+ 1 € dom(fac)
then
fac(x+1) = (x+ 1) x fac(x)
end
end
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The initialisation is simply to set fac to the value for 0: fac:= {0 +— 1}
and there is a new event progress which simulates the progress by adding the
next pair in the function fac. Secondly, the event computation is refined by the
following event stating that the process stops when the fac variable is defined
for n.

computation =
when n € dom(fac) then

fn = fac(n)

end

The computation is based on the calculation of the fixed-point of the equa-
tion defining factorial and the ordering is the set inclusion over domains of
functions; fac is a variable satisfying the following invariant property:

fac € N - N A fac C factorial N
dom(fac) C 0..n A dom(fac) # 0

fac is a relation over natural numbers and it contains a partial definition
of the factorial function; as long as n is not defined for fac, the computing
process adds a new pair in fac. The system is deadlock-free, since the dis-
junction of the guards n € dom(fac), or n ¢ dom(fac) is trivially true. The
event progress increases the domain of fac: dom(fac) C 0..n. Proof obligations
for the refinement are effectively proved by the proof tool:

n € dom(fac) vV
( n ¢ dom(fac) A
dz.(zx €N A z € dom(fac) A z+1 ¢ dom(fac)))

The model is more algorithmic than the first model and it can be refined
into a third model called Fac3 closer to the classical algorithmic solution. Two
new variables are introduced: a variable i plays the role of index and a variable
fq is an accumulator. A gluing invariant define relations between old and new
variables:

1€N A 0.0 = dom(fac) A fq = fac(i)

The two events of the second model are refined into the two next events.

computation = progress =
when ¢ =n then when i # n then
frn=fq i=i+1ffg:=(i+1)xfq

end end
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Proof obligations are completely discharged with the proof tool and we
derive easily the algorithm by analysing guards of the last model.

begin
i:=0[fqg:=1
while i #n do
ii=i+1fq:=(G+1)* fq
end;
end

We can simplify the algorithm by removing the parallel operator and we
transform it as follows:

begin
1 :=0;
fa=1;
while i #n do
=1+ 1;
fa=1ixfg
end ;
end

Case studies provide information over the development process; different
domains have been considered for illustrating the event-based B approach:
sequential programs [13,43], distributed systems [10, 12, 38,42], circuits [84,
95], information systems [46]. In the next sections, we illustrate the event B
modelling method by case studies:

Sequential algorithms

Combining coordination and refinement for sorting
Spanning trees algorithms

A distributed leader election algorithm

4 Sequential Algorithms

4.1 Primitive Recursive Functions
The Class of Primitive Recursive Functions

In the computability theory [98], the primitive recursive functions contitute
a strict sub-class of general recursive functions also called the class or com-
putable functions. Many computable functions are primitive recursive as the
addition, the multiplication, the exponentiation, the sign, ...; in fact, a prim-
itive function corresponds to a bounded (for) loop and we show how to derive
the (for) algorithm from the definition of the primitive recursive function.



The event-B Modelling Method 65

The primitive recursive functions are defined by initial functions (the 0-
place zero function ¢, the k-place projection function m;*, the successor func-
tion o) and by two combining rules, namely the composition rule and the
primitive recursive rule. More precisely, we give the definition of functions
and rules:

¢)=0

Vie{l,....k} :Voy,...,op € NP (g, ... 20) = 24
VeeN:on)=n+1

If g is a l-place function, if hy, ..., h; are n-place functions and if the
function f is defined by:

Var, ... xn €N f(xr, .. xn) = g(hi(xr, .o yxn), o (T, . xn)),
then f is obtained from ¢ and hq, ..., h; by composition.

e [If g is a I-place function, if h is a (I + 2)-place function and if the function
f is defined by: Vaq,...,2;,z € N,

{f(xl,...,xl,O) =g(z1,...,21)

f(xlv"~7xlax+]-) :h(xlv"'7xl7x7f(x1a'~'vxlax))’

then f is obtained from g and h by primitive recursion.

A function f is primitive recursive, if it is an initial function or can be gen-
erated from initial functions by some finite sequence of the operations of com-
position and primitive recursion. A primitive recursive function is computed
by an iteration and we define a general framework for stating the development
of functions defined by primitive recursion using predicate diagrams.

Modelling the Computation of a Primitive Recursive Function

The first step is to define the mathematical function to compute the value of
f(u,v) where u and v are two natural numbers; the primitive recursive rule
is stated as follows:

e wu,v,g,h,f are constants corresponding to values and functions.

u, v, g, h are supposed to be given.
CONSTANTS e g, h are total and two primitive re-
u,v, g, h, f cursive functions.
e f is defined by a fixed-point-based
rule.
PROPERTIES

u € NAv € NA

ge N — NAhe NXx N x N — NA
feNXxN— NA

vV (a,b). ((a € N A Db e N) = (f(a, ): g(a)) A

vV (a,b). ((a € NA b € N) = (f(a,b+1) = h(a,b, f(a,b))))
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From the characterization of the constants, the totality of f is derived,
since both g and h are total. The reader should be very careful on the func-
tional notation f(a,0) which intends to mean the functional application but
also the membership (a,0) € f, when f is not yet proved to be functional.
The system uses three variables: two variables are the input values and the
third one is the output value: VARTIABLES result.

The required properties are the invariance of the INVARIANT clause and
the partial correctness of the system with respect to the pre and postconditions
of the computation of the function defined by the primitive recursion rule. The
invariant property is very simple to establish:

The INVARIANT clause is very simple for the first model and is in fact a
typing invariant. The first model has only one visible event and others events
are hidden by the stuttering step; the computation event models or simulates
the computation of the resulting value and it simulates the end of a hidden
loop.

INVARIANT computation =
result € N begin
INITIALIZATION result := f(u,v)
result :€ N end

The loop will appear in the further model which is a refinement of
primrec0:

MODEL primrec0
CONSTANTS  wu,v,g,h, f
PROPERTIES
u € NAv € NA
ge N — NAhe NXx N x N — NA
feNXxN — NA
vV (a,b). ((a € N A Db e N) = (f(a, ) = g(a))) A
V(a,b). ((a € NAb € N) = (f(a,0+1) = h(a,b, f(a,b))))
VARIABLES
result
INVARIANT
result € N
INITIALIZATION
result :€ N
EVENTS
computation =
begin
result := f(u,v)
end
END
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Iterative Computations from Primitive Recursion

The next model primrecl (see figure 12) is a refinement of primrec0; it in-
troduces a new event called step and step is simulating the progression of an
iterative process satisfying a loop invariant.

REFINEMENT primrecl
REFINES primrec0
VARIABLES cz, cy, cresult, result
INVARIANT
ce € N A cy € NA cresult € NA
ct=u N0 < cy ANcy < v A cresult = f(cx,cy)
INITTALISATION
cr := ullcy := 0| cresult := g(u) || result :€ N
EVENTS
computation =
when
v —cy =0
then
result :== cresult
end ;
step =
when
v —cy #0
then
cy == cy +1|
cresult = h(cz,cy, cresult)
end
END

Fig. 12. Model primrecl

The new system has two visible events:

1. The first event computation intends to model the end of the iteration and
it concretizes the event computation.

2. The second event step is the visible underlying step of the previous stut-
tering step.

The computation process is organized by the two guards of the two events;
it leads us to the following algorithm, which captures the essence of the last
B models. The final development includes two B models related by the re-
finement relationship and provides an algorithm for computing the specified
function. The resulting algorithm is called F' and it uses the algorithms of g
and h. The invariant is derived from the B model and does not need further
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proofs. The development can be instantiated with respect to functions g and
h which are supposed to be primitive recursive.

precondition : u,v € N
postcondition : result = f(u,v)
local variables: cz, cy, cresult € N
cr = u;
cy = 0;
cresult := G(u);
while cy < v do
Invariant :0<ecyAcy <vAcx=uAcresult = flex, cy]
cresult := Hcx,cy, cresult];
cy :=cy—+1;
result := cresult;
Algorithm 1: Tterative algorithm F for computing the primitive recursive func-
tion f

Applying the Development for Addition, Multiplication,
Exponentiation

Addition

The mathematical function addition is defined by the following rules:

[ addition(x,0) =m'(z)
Vz,y € N: {addition(%y + 1) = o(addition(z,y)) ’

We assign to ¢ the primitive recursive function ¢ and to A the primitive
recursive function o; the primrec development can be replayed. The result-
ing algorithm is given by substituting g and h respectively by ¢ and o. The
algorithm is denoted ADDITION.

Multiplication

The mathematical function multiplication is defined by the following rules:

multiplication(z,0) =<¢()

oy € N {multiplication(x, y+ 1) = addition(x, multiplication(z,y))’

We assign to g the primitive recursive function {() and to h the primitive
recursive function addition; the primrec development can be replayed. The

resulting algorithm is given by substituting g and h respectively by m; ' and
addition . The algorithm is denoted MULTIPLICATION.
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precondition :z,y € N
postcondition : result = ADDITION (z,y)
local variables: cz, cy, cresult € N
cr =
cy = 0;
cresult == m ' (x);
while cy <y do
Invariant 0 cyNey <yANAcx =axA
cresult = addition|cz, cy]
cresult = ocresult];
cy :=cy—+1;
result := cresult;
Algorithm 2: Iterative algorithm ADDITION for computing the primitive
recursive function addition

precondition :z,y € N
postcondition : result = multiplication(z,y)
local variables: cz, cy, cresult € N
cx = x;
cy = 0;
cresult := ¢();
while cy <y do
Invariant 0 cyNecy <yAcx =axA
cresult = multiplication|cz, cy)
cresult := addition|cz, cresult];
cy:=cy+1;
result := cresult;
Algorithm 3: Iterative algorithm MULTIPLICATION for computing the
primitive recursive function multiplication

FExponentiation

The mathematical function exponentiation is defined by the following rules:
Ve,y € N:

exponentiation(x,0) =0(¢())

exponentiation(x,y + 1) = multiplication(z, exponentiation(x,y))’

We assign to ¢ the primitive recursive function o(¢()) (since the com-
position of two primitive recursive functions is still primitive recursive) and
to h the primitive recursive function multiplication; the primrec develop-
ment can be replayed. The resulting algorithm is given by substituting g
and h respectively by o({()) and multiplication. The algorithm is denoted
EXPONENTIATION.
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precondition :z,y € N
postcondition : result = exponentiation(z,y)
local variables: cz, cy, cresult € N
cr = x;
cy = 0;
cresult := o (¢());
while cy <y do
Invariant 1 0< ceyNey <yAcx =N
cresult = exponentiation[cx, cy]
cresult == MULTIPLICATION [cz, cresult];
cy :=cy—+1;
result := cresult;
Algorithm 4: Iterative algorithm EXPONENTIATION for computing the
primitive recursive function exponentiation

4.2 Other Ways to Compute Addition and Multiplication

If we consider the development for the functions addition and multiplication,
we can reuse the first model of each one and improve the final resulting algo-
rithms. We assume that the mathematical functions are supported by the B
prover and we do not need to define them. The proved models can be reused
in other developments and we are going to refine, in a different way, both
functions.

Developing a New Multiplication Algorithm

The first model states the problem to solve namely the multiplication of two
natural numbers; the second one provides the essence of the algorithmic so-
lution and the last one implements naturals by sequences of digits. Let a and
b two naturals. The problem is to compute the value of the expression ax,
where x is the mathematical function standing for natural multiplication. The
function multiplication is defined by an infix operator *. The first model (see
figure 13) is a one-shot model computing in one step the result.

Now, we should get an idea and apply it on the model multiplicationO.
There are several ways to define the multiplication: either (a—1)*b (primitive
recursive function) or axb = (2xa)*(b/2). We choose the last one, since it is the
faster one and simple to implement. We defvaluesine two new variables namely
cx et cy, for taking care of initial values of a and b (values-passing mechanism).
The induction step will be driven by B which is strictly decreasing. The new
variable M stores any value of cx when cy is odd.
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MODEL multiplication0
CONSTANTS

a,b
PROPERTIES

a € NAb e NA
VARTABLES

T, Yy, m
INVARIANT

e NAy e NA

r=a ANy=b A m € N
INITTALISATION

z:=ally :=0b|lm: €N
EVENTS
computation =

begin

m = a % b
end

END

Fig. 13. Model multiplication0

VARIABLES
cx,cy,x,y, M, m
INVARIANT
cx € NANcy e NAM € NA
cx xcy + M = x xy
INITTALISATION
cr,cy,x,ym:€(x=a Ny=b AN cc=a AN cy=b AN m € N)|
M =0

The event computation occurs, when cy is equal to 0. The gluing invariant

allows us to conclude that M contains the value of a x b.

0.

computation =
when
(cy =0)
then
m:=M
end

Two new events progl and prog2 will help in the progression of cy towards
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progl =
when
(cy # 0) A even(cy)
then
cx = cx x 2| cy = cy/2
end
prog2 =
when
(cy # 0) A odd(cy)
then
cr = crx2 |
ey = cy/2 |
M =M+ cx
end

Where even(cy) = 3z - (x € N A ¢y = 2xx) and odd(cy) = Jz - (z €
N A ¢y =2z + 1). The proofs are not hard; Atelier B generated 18 proof
obligations only 3 are discharged interactively. Finally, we obtain the model
multiplication] in the figure 14.

A further refinement may lead to the implementation of natural numbers
by sequences of digits; The division and the multiplication by two are imple-
mented by shifting digits. On the other hand, one can derive a well-known
algorithm 5 for computing the multiplication function.

Addition of Two Natural Numbers

The addition function can also be redeveloped. The development is decom-
posed into three steps. The first step writes a one-shot model (see the figure 15)
computing in one step the required result, namely the addition of two natural
numbers. Let a and b be two naturals. The problem is to compute the value
of the expression a + b, where + is the mathematical function standing for the
natural addition.

The definition of a 4+ b using a/2 (and b/2) is based on the following
properties:

a b a+b
2%n 2%m 2% (n+m)
2xn | 2xm+1|2x(n+m)+1

2«n+1| 2xm |2«(n+m)+1
2xn+1{2«m+1]2x(n+m)+2

Using the four properties, we try to obtain a general induction schema veri-
fied by variables and the four properties lead to the general form: (a+b)«C+ P.
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REFINEMENT multiplicationl
REFINES multiplication0
VARIABLES
cx,cy,x,y, M, m
INVARIANT
cx € NA
cy € NA
M € NA
cx xcy + M = x %y
INITTALISATION
ct,cy,x,yym:€ (x=a Ny=b Acx=a AN cy=b A m € N) |
M =0
EVENTS
computation =
when
(cy=0)
then
m:=M

end

(cy £ 0) A even(cy)

cr = cx x 2| cy := cy/2

(cy # 0) A odd(cy)
then
cr = cxx2 ||
cy :=cy/2 ||
M := M + cx
end
END

Fig. 14. Refinement model multiplicationl

<iAi2i> + <i Bi2i> = i(Ai + B2

=0

73

The discovery of the relation is based on the analysis of possible transfor-
mations over variables; Manna [81] has given hints for stating an inductive
assertion from properties over values of variables. Associativity and the com-
mutativity of the mathematical addition justify the form. Moreover, the form
can also be justified by the binary coding of A and B as follows:

(4)



74 Dominique Cansell and Dominique Méry

precondition :a,b €N
postcondition : m = multiplication(z,y)
local variables: cz,cy, x,y,m, M € N

T = a;
yi=b;
cr = x;
cy =y
M := 0;
while cy # 0 do
Invariant 0SS MAO<cyNcy < yAcxxcy+M = xxyAz =aAy=>

if (cy # 0) A even(cy) then
| cx = cx*2||cy == cy/2

if (cy # 0) A odd(cy) then
| cx:=cx=2||cy == cy/2||M =M + cz

L
1

m = M;

Algorithm 5: New Iterative algorithm MULTIPLICATION for computing
the primitive recursive function multiplication

MODEL addition0
CONSTANTS
a,b
PROPERTIES
a € N A
b€ NA
VARIABLES
z,y, result
INVARIANT
r € NAy e NA result € N
r=a N y=2»b
INITTIALISATION
x = ally := b result :€ N
EVENTS
computation =
begin
result == a + b
end

END

Fig. 15. Model addition0 for the addition
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(A; + B;)2" = <<i,41-2“1> + <i312i‘1>> 24 (Ao +Bo)  (5)

(iAiQZ) + <i Bi2i> = <<iAi2i_1> + (i Bi2i_1>> 24 (Ao + Bo) (6)

The last equation 6 tells us that we obtain a binary addition of the last
digits of the two numbers and we have to store powers of 2, while computing.

Two new variables are introduced:

C for storing the powers of 2 and P for

storing the partial result. We derive the following invariant and the initial

conditions:
VARIABLES
A, B,P,a,b,p,C
INVARIANT
AeNANBeNAPeNACeNA
(A+B)*C+P=a+b
INITTALISATION
a,b,A,B;p: (ae N ANbeN
ApeNAPeENANCENANA=a N B=0b)|
PC:=0,1
The one-shot event of the previous
add = model is then refined by the next event;
when the result is in the variable P, when A
(B=0) A (A=0) and B are two variables containing 0.
then Four new events are added to the cur-
p:=P rent model; each event corresponds to
end; a case of properties given in the array

above.

Four new events are introduced in this model:

progl =
when
even(A) N even(B)
then
A:=A/2 || B:=B/2|]
C:=2xC

end;

prog2 =
when
odd(A) N even(B)
then
A:=A/2 || B:=DB/2|]
C:=2xC||P:=C+P

end;




76 Dominique Cansell and Dominique Méry

prog3 = progd =
when when
even(A) A odd(B) odd(A) A odd(B)
then then
A:=A/2 || B:=B/2|] A:=A/2 || B:=DB/2|]
C:=2«C||P:=C+P C:=2xC||P:=2«C+P
end; end

We have to code basic operations for computing C'+ P, 2xC and 2+ C + P.
C + P is solved by storing a 1 digit in the corresponding location. 2 * C' is
a shifting operation. 2 x C' 4+ P is solved by managing a carry. Now, we can
refine the current model.

Managing the Carry

The goal of the carry is to implement the basic operation 2 x C' 4+ P; P is
concretized by the store @) and the carry R.

VARIABLES

INVARIANT

p:€e N

A7B7Q7R7a7b7p7c

QeENAReENA(R=0VR=1)ANP=CxR+Q
INITTALISATION

a,b,A,Bp:(aeNADeNANCeNANA=a N B=D)|

Q,R,C:=0,0,1

The refined event add uses the new variables () and C'. The gluing invariant
(thanks to it) maintains the relationship over P and the new variables.

add = when (B=0) A (A=0) then p:=Cx*R+(Q end;

Events progl, prog2, prog3, prog4 are refined and modified by introducing
the two new variables. The new variables are modified according to P.

progl =
when
even(A) N even(B)
then
A:=A/2||B:=B/2|| R:=0
Q=C*xR+Q| C:=2xC

end;
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progd =
when

then

odd(A) A odd(B)

A:=A/)2||B:=B/2||R:=1
Q:=C*xR+Q | C:=2x«C

v

end
prog2 = prog3 =
when when
odd(A) A even(B) even(A) A odd(B)
then then
A:=A/2 || B:=B/2|] A:=A/2 || B:=DB/2|]
if R=0 then C:=2xC ||
QRQ=C+Q if R =0 then
end || Q=C+Q
C:=2xC end
end; end;

This model is validated by the tool Atelier B [52] which generate 56 proof
obligations and 15 are discharched interactively. Details are incrementally
added; each model provides a view of the computing function. The models
are related by the refinement relationship and the last model can now be
refined to produce codes.

Production of Codes

The refinement process leads to basic operations over natural numbers that
can be implemented by operations over bits. The B language provides se-
quences but experience shows that proofs are harder when sequences are used
in a given model and we use the following definitions of sequences:

SETS bit = {ZERO,ONE}
CONSTANTS code
PROPERTIES
code € N X 7 — (Z + bit) A
Vk - (k € Z = code(0,k) =0 A
V(n,k)-neNAN£O AN keEZ =
code(2 xn, k) = {k — ZERO} U code(n,k+ 1)) A
V(n,k)-(neNANkeZ =
code(2+n+1,k) ={k+— ONE} U code(n,k+1))) A
V(n,k,x)-(ne€N A ke€Z N z €dom(code(n, k) = x> k)
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The recursive definition is validated by our previous works [40] on the
development of recursive functions using the B event-based method. We have
defined schemas allowing to evaluate those functions. A sequence is coded by
an integer interval. For instance, we give an example of the second model
of the multiplication: shifting of digits is implemented by an insertion of 0
at the head of the sequence; removing a bit at the head corresponds to the
multiplication by 2. Questions on the reusability and the decomposition of
systems remain to be solved and will be part of further works making the
method more practical.

VARTABLES

A,B,P,a,b,p,cA,cB, kA, kB
INVARIANT

kAeZ N

kB eZ N

cA el -+ bit A

cA = code(A, kA) N

cB €Z - bit N

¢B = code(B, kB)

progl =
when (¢cB#0) A ¢B(kB) = ZERO then
if cA#( then
cA:={kA—1+— ZERO}UCcA || kKA:=kA -1
end ||
¢B:={kB} <cB| kB:=kB+1|A:=2%A| B:=B/2

end

prog2 =
when (¢cB #0) A ¢cB(kB) = ONE then
if cA #( then
cA:={kA—1+— ZERO}UCcA || kA:=kA -1
end ||
¢B:={kB} <cB| kB:=kB+1||
A=2xA||B:=B/2||M:=M+A

end

The coding allows us to implement the addition C'+ @, since C' is a power
of two and since C' is greater than Q:

code(C + Q,0) = code(C,0) < code(Q,0).
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These properties (and other ones) are really proved in another B machine
using only the PROPERTIES and ASSERTIONS clauses like in the work on
structure [11]. Atelier B generated 10 proof obligations which are discharged
interactively.

We can give a refinement of the addition but only two events are really
given. ¢p is the code of p, c@ the code of Q and cC the code of C.

add =
when cB=0 A cA=0 then
if R=1 then ¢p:=cC < cQ
else cp :=cQ
end
end

progl =
whencB(kB) # ONE A cA(kA) # ONE then
¢B:={kB} <c¢B || kB:=kB+1|]
cA:={kA} < cA|| kA:=kA+1]
cC :={0— ZERO} Ushift(cC) || R:=0|]
if R=1 then cQ :=cC < cQ end
end

The function shift shifts any value of a sequence (to begin always by 0).
Atelier B generated 95 proof obligations and 53 are discharched interactively
but we can do better using the assertion clauses.

A stronger refinement can now be obtained from the current developed
model. A coding on finite sequence of bits (bs 4+ 1) constrains the abstract
code to contain a bounded number of bits. We consider the natural numbers
a and b are codable and we obtain a concrete code for variables A and B,
namely CA and CB.

CA,CB : (
CA €0..bs — bit A
CA = code(a,0) U ((0..bs) — dom (code(a,0))) x {ZERO} A
CB € 0..bs — bit A
CB = code(b,0) U ((0..bs) — dom (code(b,0))) x {ZERO})

A variable K plays the role of kA and kB and the process halts, when k
is bs 4+ 1. The gluing invariant for variables A, B, p and @ (Cp and CQ are
the concrete code) is the following one:
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Ke0.bs+1 NK=kANK=kBANLOe€-1..K—1A
CA €0..bs — bit A

(K..bs) < CA) =cA U ((K..bs) —dom (cA)) x {ZERO} A
CB € 0..bs — bit A

((K..bs) <CB) =¢B U ((K..bs) —dom (¢B)) x {ZERO} A
Cpe0.bs+1—bit N CQ € 0.bs— bit A
(0.LO<CQ=cQ) A (LO>0= CQ(LO)=0ONE) A
Vi-(i € (LO+1)..bs = CQ(i) = ZERO)

Where LO is a new variable; it is the position of the last ONFE in CQ.
Events add and progl are refined in the following concrete events:

add =
when K =bs+ 1 then
if R=1 then Cp:=CQ < {bs+1— ONE}
else Cp:=CQ <+ {bs+1+— ZERO}
end
end;

progl =
when K <bs A CB(K)# ONE A CA(K)# ONE then
K:=K+1]|| R:=0]|]
if R=1 then CQ(K):=ONE || LO:= K end

end;

We have to express that the coding of the result is in 0..bs + 1 — bit and
that it might have an overflow. Multiplication by two (K := K + 1), division
by 2 (K := K + 1) and addition (CQ(K) := ONE) are implemented using
this coding. Atelier B generated 81 proof obligations and 25 are discharched
interactively.

Properties of Models

In the model of the figure 16, we have proved all properties used on the
abstract coding. Two induction theorems are also proved in this machine (the
second and third assertion).

4.3 Design of Sequential Algorithms

The design of a sequential algorithm starts by the statement of the specifi-
cation of the algorithm; the specification of the algorithm is expressed by a
precondition over input data, a postcondition over output data and a rela-
tion between input and output data.The extension of the guarded commands
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MODEL Code
SETS bit ={ZERO,ONE}
CONSTANTS divtwo, code, power2, suc, shift, predl
PROPERTIES
Definition of divtwo
divtwo € N — N A Vz - (z € N = divtwo(z) = z/2) A
Definition of suc (successor)
suce N—-N A Vz- (ze€N=suc(z) =z+1) A
Definition of code
code € N X Z — (Z < bit) A
Vk - (k € Z = code(0,k) =0) A
V(n,k) - meNANR#A0 AN keEZ =
code(2%n, k) ={k— ZERO} U code(n,k+1)) A
V(n,k)-meN A keZ =
code(2+«n+1,k) ={k — ONE} U code(n,k+1))) A
Definition of power2 (2"), predl (predecessor) and shift (shift code)
power2 € N — N A power2(0) =1 A
Vk - (k € N = power2(k + 1) = 2 % power2(k)) A
predl € Z —7Z N Vz-(x €Z = predl(z) =z —1) A
shift € (Z + bit) — (Z - bit) N Yy - (y € Z + bit = shift(y) = (predl;y))
ASSERTIONS
Ve-(ceN=Ty-(yeN A (c=2xy V c=2xy+1)));
A number c is odd or even
VP-(PCNAO€P A suc[P]CP = NCP);
It’s the recurrence theorem. P is the set of all value which satify a property
VK- (KCN AO0€K A divtwo '[K] C K = NCK);
It’s another recurrence theorem, like P(n/2) = P(n) ..
V(n,k,z)-(neN A k€Z N x € dom (code(n, k) = x> k);
All value in dom (code(n, k)) are greater or equals than k
code € N X Z — (Z -+ bit);
Now a code is a partial function
Vn - (n € N = power2(n) > 0);
2" is always greater than 0
V(n,c,k) - (n € N A c €N A power2(n) >c N k€Z =
code(power2(n) + ¢, k) = code(power2(n), k) < code(c,k));
It’s our property to implement the addition
V(n,k,z)-(n €N A k€Z A x € dom (shift(code(n,k))) = = > k);
V(n,k) - (n € N A k€Z = shift(code(n,k)) = code(n,k + 1))
A useful property of shift (it’s now a shift)
Vn-(n €N = code(power2(n),0) = (0.n — 1) x ZERO U {n — ONE})
A property which evaluates the code of 2"

end

Fig. 16. Model for deriving proofs on the abstract coding
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language by C. Morgan [88] allowsone to initiate a development by refine-
ment according to a set of rules. However, no mechanical tool allows one to
check the refinement; the notation z : [pre, post| intends to mean a statement
which is correct with respect to the pre and post conditions. It is exactly
the case, when one starts an event-B development, since one should state a
magical event which is correct with respect to the pre and post conditions.
If we consider x : [pre, post] and if we assume that z is free in pre and post,
x : [pre, post] is a statement which may modify x but only 2 and which satis-
fies the HOARE triple: {pre} x: [pre, post] {post}.

An equivalent event is defined as follows:

We have illustrated the event B method by simple sequential algorithms
and we have emphasized the possibility to reuse the previous development. In
the next section, we developed a sorting algorithm.

5 Combining Coordination and Refinement for Sorting

The coordination paradigm improves the development of concurrent /distributed
solutions, because it provides simple way to communicate between processes
via a data structure called a tuple space. Coordination principles and event-
driven system development principles can be fruitfully combined to develop
systems and to analyse the development of different solutions of a given prob-
lem. Benefits are inherited from both frameworks: the B event-driven approach
provides the refinement and the coordination framework provides a simple
computation model. The sorting problem is redeveloped in the B event-driven
method using coordination principles for algorithms and two programming
paradigms are applied ie merging and splitting list to sort.

5.1 Introduction

Overview The coordination paradigm [47,100] improves the development of
concurrent /distributed solutions, because it provides simple way to communi-
cate between processes via a data structure called a tuple space. Coordination
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and event-driven system development can be fruitfully combined to construct
sequential recursive programs and to analyse the development of different so-
lutions of a given problem, namely the sorting problem. The combination ex-
ploits the fundamental refinement relationship defined in the B event-driven
approach [12,13,38] and leads to a practical framework for addressing the
analysis of programs development.

Coordination The coordination paradigm appears in different program-
ming environments as LINDA [47,100]; the main idea is really simple: a col-
lection of processes or agents can cooperate, communicate and exchange data
through a unique structure called a tuple space. A tuple space is a heap that
can contains items and several operations are authorized to processes, namely
to put an item in the tuple space, to withdraw an item or to consult. Imple-
mentation details are hidden. Any programming language can be extended by
specific operations related to the tuple space, as for instance the C LINDA
environment which extends the C programming language. The coordination
paradigm focuses on the development of activities that are inherently concur-
rent and that are simply made coherent through the coordination primitives.
As soon as a coordination program is written, tools as compilers provide a
translation into a lower level which manages communications; it means that
communications are used without toil, since we do not take care how com-
munications are really implemented. The coordination computation model is
developed in the GAMMA [20] model and a kernel of a methodology related
to the proof if given; Chaudron [50] defines a refinement in a language of co-
ordination for GAMMA close to techniques of bisimulation. We do not define
new refinements. The CHAM (Chemical Abstract Machine) is a chemical view
of the coordination computation model. However, even if GAMMA intends to
promote the methodological aspects of programming development, nothing is
clearly studied for the relationship with the refinement of events systems.

Integration of coordination and event-driven systems FEvent-driven sys-
tems are incrementally derived from a very abstract model into a final concrete
model through refinement steps. The B event-driven technique is based on the
validation by proof of each refinement, step and it starts by a system analysis
where mathematical details are carefully analysed and proved or disproved
by the proof tool. The idea is to add the coordination primitives as events
which modify the tuple space an to get for free a refinement in the coordina-
tion framework. A consequence is to provide a way to execute event-driven
systems as coordinative events set and to allows the refinement of general co-
ordinative structures. This exercise focuses on the use of both techniques for
analysing the sorting problem; we apply two main sorting paradigm namely
the splitting (quicksort) or the merging. Finally, we obtain a final concrete
model which is a sequential algorithm using a stack and which gives a non
recursive algorithm in the quicksort family.

The coordination paradigm was introduced and implemented in LINDA [47,
100] and a C LINDA compiler was effectively developed. The original idea
is to synchronise processes or agents through a shared data space called a
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tuple space, using specific primitives extending the programming language.
The programming language can be C, SML or a Prolog-like one; coordination
primitives manage communication among processes or agents. Coordination
is information-driven and makes interaction protocols simple and expressive.
For instance, the implementation of Galibert [62] provides a simple way to
program in C++ and to use a powerful high performant computer namely
the Origin 2000 SGI. Here, we use coordination as a simple way to state
actions on data; it is a less structured approach contrary to classical program-
ming languages. Every abstract model (in the B event-based approach) can
be transformed into a coordinative program; however, we refine as much as
possible to obtain a sequential algorithm.

When one write a coordinative program, one has to identify processes or
agents of the system; processes are expressed in a programming notation and
the coordination framework allows to state communications between processes
through the tuple space. Coordination primitives includes the reading of a
value in the tuple space, the writing of a value in the tuple space, the waiting
of a value in the tuple space, ...Events play the role of actions of agents or
processes and cooperate to the global computation, if any.

5.2 A Famous Case Study: the Sorting Problem

Sorting a list of values means that one tries to find a permutation of values
such that the resulting list is sorted. We define two constants, fand m, with
the following properties:

meN A
fe l.m — N

f stands for the abstract array which contains m natural numbers. All
elements of the list are different. The variable g initially set to the initial
value f of the list, contains the sorted list in an ascending way. The invariant
must, state that values are preserved between g and f. The invariant holds at
the beginning, since g = f; the unique event of the system is sorting and it
sorts in one step g.

sorting =
INVARIANT begin
g : NA
g € 1.m — NA
ran(g) = ran(f) ran(g) = ran(f)A
Ve (rel.m—1= g(x) < gz +1))
end

We know that there is one (and only one) permutation for sorting the list.
The event sorting is then enabled. The simplicity of the sorting event allows
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us to derive the correctness of the abstract system. The sorting is done in
one step, which may seem to be magical. The abstract system is refined into
another event system which implements a sorting technique as for instance
the quicksort, the merge sort, .... The main idea is to use the coordination
paradigm to remove the recursiveness of the solution. The first abstract model
is called BASIC-SORTING.

5.3 Applying Two Sorting Paradigms

The previous system is an abstract view of the sorting process and sorting
algorithms are based on specific paradigms leading to well known solutions.
In our case, we consider two paradigms:

e MERGING TWO SORTED LISTS TO PRODUCE A SORTED LIST: merge sorts
and insertion sorts use the basic technique of merging two sorted lists; the
way for combining sorted lists may be different and the size of the two
list may be also different. The insertion sort combines a list with only one
element and any other sorted list. The Von Neuman sort combines two lists
having the same size. Nevertheless, the basic technique is the merging of
two sorted lists and the global process increments the size of intermediate
lists, which is a termination condition.

e SPLITTING A LIST INTO TWO LISTS TO OBTAIN TWO PARTITIONED LISTS:
on the contrary, a list can be splitted into two lists such that elements
of the first list are smaller than elements of the second one; the famous
quicksort is an application of the paradigm; the introduction of the pivot is
very important for the complexity of the sort. The selection sort is another
example of sorting technique and is an extreme case of the quicksort - ie the
pivot is the extreme left or right position in the splitted list. The process
converge to a list of one-element sorted lists, which are correctly located.

The coordination paradigm provides us a computation model and we use
the event-driven paradigm for defining operations on the tuple space. The data
structures are supported by the tuple space. A list is defined as an interval
over the set of discrete values 1..m where m is a constant of the problem. An
interval contains successive values, when non empty. An interval is a subset
of 1..m with consecutive values and intervals are a partition of 1..m. The
invariant will be strengthened to take into account properties of intervals
later.

For the moment, the following invariant says that the tuple space T'S is
a partition of 1..m; operations on the tuple space are expressed by events
modifying the variable T'S:
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(L, J)-(
1€eTS NJeTS NIT#J
=
INJ=0
) A

Vi(ie 1.m=3I.(I1€TS N i€l))

The refinement of the current model BASIC MODEL leads us either to
split intervals, or to combine intervals; we obtain two possible refined models:

e MERGE-SORT merging two intervals to produce an interval: the sorting
process will stop when only one interval is remaining in the tuple space.

e SPLIT-SORT splitting an interval into two intervals : the splitting sort-
ing will stop when no more splitting will be possible.

We give no more details about the way intervals are chosen, since these
details may appear later in the refinement process. Both models are still to
refine to detail operations of merging and splitting. No implementation detail
is addressing the problem of parallel execution, since it is an abstract model.

Bottom Up Process MERGE-SORT

The bottom up process combines intervals by maintaining the invariant of the
sorting problem. The merging of two intervals assumes that the restriction of
g on each interval is sorted. The property is added to the previous invariant

V(i,5).Gel Ajel ANi<j= g(i)<g(4))

Initial conditions state that the tuple space contains only intervals with
one element; there is an interval for every possible values of 1..m; g is set to
the initial value of the list to sort.

Init =
begin
g :=fIITS = {zlzCl.mAT.(iel.mAz=1i.)}
end

We recall that the merge process stops, when only one interval is in the
tuple space and it contains only 1..m. Using the invariant we can prove that
g is sorted. The refined sorting event is
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sorting =
when 1.m € TS then
skip

end;

The sorting process is detailed in a way that identifies intermediate states
of the variable g; these intermediate states state that the set of intervals is
converging towards a unique interval modelling the sorted list. A progress
event is defined to model the computation of a merging step. The new event
merge__progress withdraws two intervals from TS and deposits a new interval
which is the merging of the two withdrawn intervals in TS. The merging of
two intervals decrements the number of intervals and helps in the convergence
of the process.

merge progress =
any I, J, gp where
I € TS A
J e TSA
I # JA
gp € I UJ — NA
ran(gp) =ran((I U J)<g)
V(il,i2).(
ile T U J
2¢ 1T U J
11 <12
=
gp(il) < gp(i2))
then
g =9 < gp|
TS =TS —{I,J} U {I U J}

end

A\
A

The model is not yet the merging sort, since it is not efficiently imple-
mented. However, the essence of the merging sort is expressed in the current
model.

Further refinements introduce details to obtain different sorting algorithms
based on the merging paradigm, as the merging sort, the insertion sort or the
Von Neumann sort. At this point, we not really an interval, since I U J is
not necessarily an interval, but a further refinement will be able to choose
adequately intervals to satisfy that constraint.
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Top Down SPLIT-SORT

The quicksort is based on a strategy of decomposition called splitting list and
the refinement of the model BASIC SORTING adds a new invariant expressing
the states of intervals resulting from splitting them. The final goal is to obtain
a tuple space containing only intervals with one element. Remember that the
quicksort, splits an interval into two intervals in a way such that elements of
the first interval are smaller than elements of the second one. The invariant
is strengthened by the property, that intervals can be sorted with respect to

their values.

Y(I,J).(
1e€eTS NJeTS NIT#J
=
(V(i, 5)-(
1€l Njed Ni<]g
=

g(i) < g(4))))

When two numbers are in an interval, values between those two values are

also in the interval.

VI.(
1eTs
=
(V(z,5).(
1€ I Nj el
=
ij C 1))

Initial conditions satisfy the invariant by setting a unique interval into the
tuple space: only 1..m is in the tuple space.

The split process starts in a tuple space with only one interval and halts,
when every interval i..i (for every value 4 in 1..m) is in the tuple space. In
fact, no more splitting event is possible.

Init — sorting =
. when Vi.(i € 1.m = i.i€T5S)
begin g = f then
TS :={l.m} skip
end

end;
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The progress of the global process is achieved by splitting as long as pos-
sible intervals of the tuple space; only intervals with at least two elements can
be splitted. The new event chooses a value called a pivot: it splits an interval
into two smaller ones and it updates g. Obviously, the way to update g is very
crucial for the implementation, as well as the choice of the pivot. The selection
sorting is one possible refined model that can be derived, if the choice of the
pivot is specially done: the pivot is the greatest or the smallest value of the
interval.

split _progress =
any I, k, gp, © where
I €e TS ANE eI ANFj(Gel Nj>k) ANgpe I — NA
x € ran(gp) Aran(gp) =ran(I <1g) A
Vz(z€l N z <k=gp(z) < x) A
Vz(z €I N 2>k =gp(z) > x)
then
g:=9 <gp|
TS =TS8 —{I} U {{ylye Iny <k} {ylye INy>k}}
end

The model has two main events; one event splits the intervals as long as there
is at least one interval with two values and an event for completing the process.

Duality of Sorting Models

Two models refine the basic model for the sorting problem; the tuple space
frees the designer from implementation details and structure the computation
process. In the figure 17, we summarize the refinement relationship between
the three models developed in the previous subsections. Two families of sort-
ing techniques can be redeveloped and we will develop the family of sorting
techniques based on the split paradigm.

basic—sorting

—

split-sort merge—sort

Fig. 17. Sorting development

We do not develop, in this paper, sorting algorithms of the merge family
and we restrict our illustration to the split family.
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5.4 Introducing a Pivot and an Index

The quicksort splits arrays by choosing a pivot variable and it reorganizes both
intervals such that any value of the first interval is smaller than any value of
the second interval. The next refinement defines a pivot (piv) and a concrete
index (k), which allows to split the current interval (I). Two index variables,
namely (binf) and bsup), define the middle part of an interval. The middle
part is not processed by the partitioning process. The partitioning algorithm
is not used in our current process, since it can split the current interval in
three parts. The control of binf and bsup is fundamental: the increasing of
binf and the decreasing of bsup. The new invariant is enriched by statements
on properties satisfied by the new variables, namely piv,k, binf and bsup. The
variable ToSplit detects what is the phase of the partitioning process; it can
contain three values: No, when no split phase is running; Yes if the partitioning
process is progressing, End when the partitioning process for a given interval
is completed.

The resulting invariant expresses intuitive properties over variables; the
proof assistant generates proof obligations for validating the refinement and
helps us to add details over variables that were missing. When developing
abstract models, a proof assistant like Atelier B is crucial and it avoids errors
in brain-aided proofs. The proof helps us to choose the correct index (k) to
partition the resulting interval, when the splitting process stops (ToSplit =
End). Explications are necessary to read and to understand the invariant.

The first part expresses typing information. I is the current interval, which
satisfies properties resulting from the guard of choice interval event.

ToSplit € {No,Yes,End} N IC1l.m A piveN A binfel.m A
bsupel.m AN keN A

(ToSplit # No = piveran(I <g)) A

(ToSplit < No = 1eTS) A

(ToSplit # No = I —maz(I)#0) A

(ToSplit=Yes = binfel) A

(ToSplit=Yes = bsupel) A

The splitting of the current interval in two intervals is made possible by con-
troling the two variables binf and bsup. binf may increase and bsup may de-
crease: left _partition can increase binf and right _partition can decrease binf.
Both events are possibly occuring when binf < bsup and are complementary
with respect to guards. The swap event is enabled, when both left partition
and right partition are no more enabled and when the two bounds are still
satisfying the relationship binf < bsup. In this case, we must decide the new
bound k& which must split the interval in two non-empty intervals:

(ToSplit = End = kel—{max(l)})
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If one chooses bin f —1 or bsup, these values must be different to the initial
value of the greater bound. So, if this greater bound does not change, the other
bound must be less and the pivot is still in the first part.

(ToSplit =Yes A binf =min(l) =
piv ¢ ran(bsup + 1..max(I)

(ToSplit =Yes A bsup = max(I)

(ToSplit =Yes A bsup = max(I)
piv & ran(min(l)..binf —1 <g)) A

(ToSplit =Yes A bsup =max(I) = piv € ran(I — {maz(I)} <g)) A

(ToSplit =Yes = Vz-(z€min(I).binf —1 = g(z) <piv)) A

(ToSplit =Yes = Vz-(z € (bsup+1).mazx(I) = g(z) > piv)) A

(ToSplit =Yes A bsup <binf = binf <max(l)) A

(ToSplit =Yes A bsup <binf = (binf =bsupV binf =bsup+1)) A

(

(

(

(

<g)) A

= binf < bsup) A
=

<

binf = bsup = bsup < max(I)) A

ToSplit = End = k€I —{max(I)}) A

ToSplit = End = Vz-(z€min(I).k = g(z) <piv)) A
z) > piv))

ToSplit = End = Vz-(z€k+l.max(I) = g(

Safety properties can be proved from the invariant and are stated in the
clause ASSERTIONS of the B machine. These properties are useful to validate
the system itself:

(ToSplit=Yes = I—max(I)=min(I).max(I)—1) A
(ToSplit=Yes = min(l)..max(l) CI) A
(ToSplit=Yes = binf..bsup CI))

The invariant is proved to be satisfied by the refined events and we list the
refined events; the first one is the initialisation event called Init. The tuple
space contains only one interval, namely 1..m and the splitting process is not
running at the initialisation state.

Init =
begin
g:=f || TS:={1l.m} || I:=0| ToSplit:= No |
piv:€ N |binf :€ 1.m || bsup:€ 1.m || k :€ 1.m
end

The event sorting does not change; the guard of split _progress is very
simple. When the partition process is finished (T0oSplit = End), k is the
index result for the partition (see event partition)
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split _progress =
when
ToSplit = End
then
ToSplit :=Yes ||
TS:=TS—{I}U{{ylye I Ny <k} {ylyel A y>k}}

end;

We introduce five new events. The first one, namely choice _interval, chooses
an interval (not a singleton) in the tuple space and initializes both index and
the pivot. After the activation of this event, we can cut the current interval
(ToSplit = Yes).

choice _interval =
any J, PIV where
ToSplit=No N Je€TS A
PIV €ran((J —mazx(J)) < g) A min(J) < max(J)
then
ToSplit :==Yes | I .= |
piv = PIV ||binf = min(J) ||bsup := maz(J)

end;

The three next events move the index to leave element less than pivot before
binf and greater than pivot after bsup.

left partition = right partition =
when when .
ToSplit=Yes A TpSplzt =Yes A
) binf < bsup N
binf < bsup A J ‘
) j g(binf) > piv A
g(binf) < piv _
g(bsup) > piv
then A
ay T bsup := bsup — 1
end;
end;
swap =
when

ToSplit =Yes A binf < bsup A

g(binf) > piv A g(bsup) < piv
then

binf,bsup :=binf + 1,bsup — 1|

g:=g <+ {binf— g(bsup)} <— {bsupr— g(binf)}
end;
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The last one stops the partitioning process and defines the index k, which
makes progress possible (see event split _progress).

partition =
when

then

end;

ToSplit =Yes A binf > bsup

ToSplit := End ||
if binf = bsup then
if g(binf) < piv then

k:=binf
else
k:=binf—1
end
else
k := bsup
end

5.5 A Set of Bounds and a Concrete Pivot

The goal of the next refinement is to implement the tuple space by a set
of initial bounds from every interval in the abstract tuple space. Initially, we
have tried to introduce this implementation in the first refinement but it leads
us to a unique proof obligation, whose proof was very long. Hence, we have
found another abstraction, which produces more proof obligations than the
initial choice but they were easier to prove.

The implementation of the pivot is the middle of the chosen interval and
now, the choice is deterministic. The relationship between pairs of bounds
of the new tuple space (T'B) and the tuple space (T'S) is stated by a gluing
invariant and the relationship is a one to one relation:

TBCl.m+1A

aeTB ANbeTB A
V(a,b) - a<bAa+1l.b—1NTB=1
= a.b—1€TS8

We add two new variables, namely A and B, which are the bounds of the

current abstract interval I and they satisfy the following gluing invariant:
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AeTB N BeTB A
ToSplit=Yes = A<BANA+1.B-1NnTB=0 A

A
A.B—-1=1
AeTB N BeTB A
ToSplit = End = A<BANA+1.B—-1NTB=0 A
A.B—-1=1

Two new safety properties are derived from the current invariant:

VI-(Ie€TS = min(I)eTB A max(I)+ 1€ TB);
aeTB ANbeTB AN ceTB A
a<bANb<cA
a+1.b—1NTB=0 A

Vb | iy cm1nTB =0
=

V(z,y)-(x€a.b—1 ANyecb.c—1 = gx)<gly)))

We refine only two events. The event split__progress adds the unique value
k + 1 in the concrete tuple space (TB).

split _progress =
when ToSplit = End then

ToSplit:= No ||
TB:=TB U {k+1}
end;

The event choice _interval initializes the concrete bounds A and B of the

abstract interval I. It chooses the pivot as the value g((a + b — 1)/2) at the
middle of the chosen interval.

choice interval =

any a,b,p where
ToSplit=No N ac€cTB ANbeTB A
a<b—1A
a+1.b—-1NTB=0 A
p=gla+b—1)/2)

then
ToSplit :=Yes || A:==a || B:=0 |

piv:=p | binf :=a || bsup:=b—1
end;

5.6 Implementation of the Tuple Space by a Stack

The next step plans to use a stack for implementing the tuple space; it is
clear that the current abstract model might be directly implemented in a
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coordination language as C LINDA for instance. However, we recall that the
coordination paradigm is a methodological support for the development.

In this refinement, we implement the tuple space by a stack. We use three
new variables TA, top, S, which stands for the old variables TB. S (Single)
contains all bounds interval which are singletons and which were on the top
of the stack TA. All bounds in TB are single one (€ S) or in the codomain of
TA and vice-versa, according to our gluing invariant. Two consecutive bounds
in TB are given by two consecutive index of the stack (array). The concrete
tuple space TA is sorted. top is the dimension of TA. Notice that top is always
between 1 and m + 1. No stack overflow can occur.

topel.m+1 A
TAel.top—1.m+1 A
SCTB A
TB=ran(TA)US A
i1 €dom(TA) A
j € dom(T'A) A
Vi, 5)- | i<j A
=
TA(i) < TA(j))

When S is empty, the greater bound in the codomain of TA is m + 1 and,
when S is not empty, it contains consecutive index from m+ 1 and the greater
bound in the codomain of TA and the minimum of S are consecutive. Using
this technical invariant, it is easier to prove the previous gluing invariant.

= mazx(ran(TA)) =m+1) A
= S=min(S)..m+1) A
= maz(ran(TA)) +1=min(S)) A

nnn
N N
SIS

(
(
(

The following properties are proved from the invariant.

(ToSplit # No = (top+— B) € TA) A
(ToSplit # No = (top—1+— A) e TA) A
(ToSplit # No = top >1) A

(ToSplit # No = top <m)

TA:1l.top — 1.m+1 A
max(ran(TA)) = T A(top) A
ran(TA)YNS =0 A
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n:lL.m+1A
h:1.n — 1l.n A
rel.n A
yel.n A
V(h,n)-| V(z,y)-| 2<y A
=
h(z) < h(y))
=
h=id(1..n)

The last one is very important in proving that there is no run stack overflow
on our stack. It expresses that the unique increasing into function between
1..m+1 and 1..m+ 1 is the identity. We have proved it in another B machine
with other preliminary lemmas like previous assertions. The initial event is
written from the previous one.

Init =
begin
gi=f|ITA={1—1,2—=m+1}||S:=0 |top:=2 |
ToSplit :== No ||A,B:=m+ 1,1 ||piv:€ N ||
binf :€ 1.m ||bsup :€ 1.m ||k :€ 1.m
end

Only three old events change. Now, the guard of sorting is top = 1: re-
member that the proof of the refinement assumes that in this case all intervals
are singleton. The implementation is very close.

sorting =
when top =1 then
skip
end;

split_progress =
when ToSplit = End then

ToSplit := No ||

top :==top+1 ||

TA:=(TA < {top—k+1}) <+ {top+1+— B}
end;

bl

The event which chooses the interval is now completely deterministic. The
bounds of the chosen interval are on the top of the stack TA. Notice, that the
chosen interval is not a singleton (T'A(top — 1) +1 # T A(top). Singleton on
the top of the stack is removed by a new event as follows:
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choice interval =

when
top>1 A
(TA(top — 1)+ 1/ =T A(top)) N
ToSplit = No

then

ToSplit :==Yes ||

A=TA(top—1) A
B =TA(top) A
A, B, piv,binf,bsup: || piv=g((A+B—-1)/2) A
binf =A A
bsup=B —1

end;

New event, so-called elim _single, eliminates every singleton on the top of
the stack.

elim single =

when
top>1 A
TA(top— 1)+ 1 =TA(top) A
ToSplit = No

then
S :=SU{TA(top)} |
top :=top — 1 ||
TA:=1.top—1 a9 TA

end;

All guards of the previous system are very simple to implement and all
events are deterministic. We can easily derive from this system an iterative
program using array and loops. The set of singleton S is not important in this
implementation. If somebody wants to use it, one can store it in TA from the
index m in a decreasing way. The iterative version of the algorithm is given
in the figure 18.

5.7 Conclusion

The iterative algorithm is three times faster that the quicksort; it is obtained
by combining the coordination paradigm and the event-driven paradigm. Ev-
ery abstract model can be implemented by a coordination program but we
use the coordination paradigm as a computation model and the refinement
allows us to transit from the coordination model to the classical sequential
model. Moreover, it provides us a way to develop a split algorithm without
use of recursive aspect. The experience shows that coordination gives a sim-
ple way to think on the activity of events and it helps in explaining what is
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begin
g:= f;TA[l] :=1;TA[2] :=m+ 1;top := 2;
/ *ToSplit = Nox /
while top #1 do
while top >1 A TAftop—1]+1=TAltop] do
top :=top — 1
od;
if top > 1 then
A:=TAltop — 1J;

B := T Altopl;
binf = A;
bsup := B — 1;

piv := g[(binf + bsup)div2];
/ *ToSplit =Yesx /
while (binf < bsup) do
while binf < bsup A glbinf] < piv do
binf :=binf +1
od;
while binf < bsup A g[bsup] > piv do
bsup := bsup — 1
od;
if binf < bsup then
temp := glbinf];
glbinf] := g[bsup];
glbsup] := temp;
binf :=binf + 1;
bsup := bsup — 1
end
od;
if binf = bsup then
if g[binf] < pivthen

k= binf
else
k:=binf —1
end
else
k := bsup
end;

/ * ToSplit = End* /
TAltop] :== k + 1;top := top + 1; T Aftop] := B
/ *ToSplit = Nox /
end
od

end

Fig. 18. A correct iterative program
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really happening, when, for instance, a paradigm is applied for sorting. We
have not completely explored the promise land of coordination and we have
not compared our works to refinements for coordination.

6 Spanning Trees Algorithms

6.1 Introduction

Graphs algorithms and graph-theoretical problems provide a challenging bat-
tle field for the incremental development of proved models. The B event-based
approach implements the incremental and proved development of abstract
models which are translated into algorithms; we focus our methodology on
the minimum spanning tree problem and on Prim’s algorithm. The correct-
ness of the resulting solution is based on properties over trees and we show
how the greedy strategy is efficient in this case. We compare properties proven
mechanically to the properties found in a classical algorithms textbook. This
section analyses the proof-based development of Minimal Spanning Tree al-
gorithms and Prim’s algorithm in particular [94] is produced in fine.

6.2 The Minimum Spanning Tree Problem

The Minimum Spanning Tree Problem, Minimal Spanning Tree problem for
short, is the problem of finding a minimum spanning tree with respect to
a connected graph. The literature contains several algorithmic solutions like
Prim’s algorithm [94] or Kruskal’s algorithm [72]. Both algorithms implement
the greedy method. Typically, we assume that a cost function is related to
every edge and the problem is to infer a globally minimum spanning tree,
which covers the initial graph. The cost function returns integer values. The
Minimal Spanning Tree problem is strongly related to practical problems like
the optimisation of circuitry and the greedy strategy advocates making the
choice that is the best one at the moment; It does not always guarantee the
optimality but certain greedy strategies yield a Minimal Spanning Tree.

Prim’s algorithm is easy to explain but it underlies mathematical proper-
ties related to the graph theory and especially the general theory of trees. We
consider two kinds of solutions; a first one is called generic algorithm because
it does not use a cost function. This first generic solution allows us to develop
a second solution: the Minimal Spanning Tree one.

Let us summarize how Prim’s algorithm works. The state of the algorithm
while executing contains two sets of nodes of the current graphs. A first set of
nodes, equipped with a restriction of the relation over the global set of nodes,
defines the current spanning tree starting from a special node called the root
of the spanning tree. A second set of nodes is the complement of the first set.
The acyclicity of the spanning tree must be preserved, while adding a new
edge in the current spanning tree and the basic computation step consists
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of taking an edge between a node in the current spanning tree and a node
which is in the other set. The choice leads to maintaining the acyclicity of the
current spanning tree with the new node, since both sets of nodes are disjoint.
The process is repeated as long as the set of remaining and unchosen nodes
is empty. The final computed tree is a spanning tree computed by the generic
algorithm. Now, if one adds the cost function, one gets Prim’s algorithm by
modifying the choice of the new node and edge to add to the current spanning
tree. In fact, the minimum edge is chosen and the final spanning tree is then
the minimum spanning tree. However, the addition of the cost function is a
refinement of the generic solution.

The generic Minimal Spanning Tree algorithm without cost function is
sketched as follows:

e Precondition: A undirected connected graph, g, over a set of nodes ND
and a node r

e Initial Step tr_nodes (the current set of nodes) contains only r and is
included into ND and tr (the current set of edges) is empty

e Computation Step If ND —tr_nodes is not empty, then choose a node x
in tr_nodes and a node y in ND — tr _nodes such that the link (x,y) is
in g with the minimum cost and add it to tr; then add y to tr _nodes and
(z,y) to tr

e Termination Step If ND —tr_nodes is empty (ND = tr_nodes), then tr
1s a minimum, spanning tree on N D

e Postcondition (N D, tr) is a minimum spanning tree

The termination of the algorithm is ensured by decreasing the set ND —
tr nodes. The genericity of the solution leads us to the refinement by in-
troducing the cost function in the computation step. We have a clear simple
abstract view of the problem and of the solution. We can, in fact, state the
problem in the B event-based framework. It remains to prove the optimal-
ity of the resulting spanning tree and that will be derived using tools and
models. Before starting the modelling, we recall the B-event-based modelling
technique.

6.3 Development of a Spanning Tree Algorithm
Formal Specification of the Spanning Tree Problem

First we define elements of the current graph namely g over the set of nodes
namely N D. The graph is assumed to be undirected, which is modeled by the
symmetry of the relation of the graph. Node r is the root of the resulting tree
and we obtain the following B definitions:

gC NDx ND A
g=g ' A
re ND
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The termination of the algorithm is clearly related to properties of the
current, graph; the existence of the spanning tree is based on the connectivity
of the graph. The modelling of a tree uses the acyclicity of the graph. A tree
is defined by a root r, a node: » € ND, and a parent function ¢ (each node
has an unique parent node, but the root): ¢ € ND —{r} — ND. A
tree is an acyclic graph. A cycle ¢ in a finite graph ¢ built on a set ND, is a
subset of ND whose elements are members of the inverse image of ¢ under
t, formally ¢ C t~![c]. To fulfill the requirement of acyclicity, the only set ¢
that enjoys this property is necessarily the empty set. We formalize it by the
left predicate that follows, which can be proved to be equivalent to the one
on the right, which can be used as an induction rule:

Vg - (
Ve - (
cCND A zgqN/l\)/\
cCt 1t & ]
- C
N :f [d Sq
c=0) ND=q)

We prove the equivalence using Atelier B. We can now define a spanning
tree (rooted by r and with the parent function t) of a graph g as one whose
parent function is included in g, formally:

spanning (t,g) =
t € ND—{r} — ND A
Vg-(¢CND A req A t7'gCq = ND=gq) A
tCyg

Now we can define the set tree (g) of all spanning trees (with root r) of the
graph g, formally:

tree (g9) = {t|spanning(t,g)}

We define the property of being a connected graph by connected(g):

connected (g) =
g € ND < ND A
VS-(SCND A reS A g[S]CS = ND=2S9)

The graph ¢ and the node 7 are two global constants of our problem and
must satisfy properties stated above. Moreover, we assert that there is at least
one solution to our problem. The optimality of the solution will be analyzed
later, while introducing the cost function. Now, we build the first model which
computes the solution in one shot. The event span corresponds to producing a
spanning tree among the non-empty set of possible spanning trees for g. The
variable st contains the resulting spanning tree.
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span =
begin
st € tree(g)
end

The invariant is very simple and is
only a type invariant; the initial-
ization establishes the invariant.

ste ND — ND

The current model is in fact the specification of the simple spanning tree
problem; we have not yet mentioned the cost function. The next step is to
refine the current model into a simple spanning tree algorithm.

Development of a Simple Spanning Tree Algorithm

The second model introduces a new event which gradually computes the span-
ning tree by constructing the spanning tree in a progressive way. The new
event adds a new edge to the current tree ¢r which partly spans g. The cho-
sen edge is such that the first component of the pair is in ¢ nodes and the
second one is in remaining nodes. These two new variables partition the set
of nodes and we obtain the following new properties to add to the invariant
of the current model.

tr_nodes C ND A

remaining nodes € ND A

tr _nodes U remaining nodes = ND A
tr modes N remaining nodes = )

A new event, progress, simulates the computation step of the current so-
lution by choosing a pair maintaining the updated invariant.

progress =
select
remaining nodes # ()
then
any z,y where
T,y €g N xz,y €tr_nodes X remaining _nodes
then
tr:=tr U {y— a} ||
tr_nodes :=tr _mnodesU {y} ||
remaining _nodes := remaining _nodes — {y}
end
end
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The event span is simply refined by modifying the guard of the previous
instance of the event in the abstract model. The event is triggered when the
set of remaining nodes is empty: the variable st contains a spanning tree for
the graph g.

span =
select
remaining nodes = ()
then
st :=1tr
end

The invariant of the new model states the properties of the two new vari-
ables and relates them to previous ones.

tr_nodes C ND A

remaining _nodes € ND A

tr _nodes U remaining nodes = ND A

tr modes N remaining nodes =0 A

tr € tr_nodes —{r} — tr_nodes A

Vg-(qCtr_nodes N req AN trl[q Cq = tr_nodes=q)

The following initialization establishes the invariant:

tr:=10|
tr_nodes := {r} ||
remaining _nodes := ND — {r}

The expression of the absence of deadlock is simply stated as follows:

remaining _nodes = () V
remaining nodes # () A

4 r,yeqg N
(@, y)- x,y € tr_nodes X remaining nodes

We have obtained a simple iterative solution for the simple Minimal Span-
ning Tree problem; the solution follows the sketch of the algorithm given in
the subsection describing the so called generic algorithm in the book of Cor-
men et al. [55]. We can derive the algorithm of the figure 19 from the current
model:

The next step refines the current model into a model where the cost func-
tion is effectively used.
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algorithm generic M ST
begin {r:= 0;
tr_nodes = {r};
while remaining nodes # () do
let z,y where
T,y €g N x,y €tr_nodes X remaining _nodes
then
tr:=tr U {y—z}
tr_nodes :=tr_nodes U {y};
remaining nodes := remaining nodes — {y}
end
end while
st :=trend

Fig. 19. Derived MST algorithm

A Proof View of the Spanning Tree Algorithm

The previous model computes a spanning tree, when the graph is connected.
This algorithm looks like a proof of existence of a spanning tree; the following
lemma allows us to prove that the set of spanning trees is not empty and
hence a minimum spanning tree exists:

Theorem 3. (Existence of a spanning tree)
connected (g) = tree (g) # 0

However, the previous lemma requires to construct a tree from the hy-
pothesis related to the connectivity of the graph. Hence, we must prove a first
inductive theorem on finite sets, which will include the existence of a tree.
We suppose that the set N D is finite and there exists a function from ND to
1..n, where n is the cardinality of ND.

Theorem 4. (An inductive theorem on finite sets)

VP - (
PCP(ND) A
DeP A

VA-(AePANA#ND = Ja-(ac ND—A A AU{a} € P))
=
ND e P)

We can use the previous lemma with the following set:
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feA—{r} — A A
F<Sg A
{AJACND A 3f- SCND AreS A fUS]CS 1
VS| =
ACS

to prove that the set of spanning trees of g is not empty.

6.4 Development of Prim’s Algorithm

The cost function is defined on the set of edges and is extended over the global
set of possible pairs of nodes.

cost: g — 7 A
V(z,y)  (x,y € g = cost(x— y) = cost(y — x)) A
Cost : P(g) — Z A
Cost({})=0 A
seP(g) N x,y€eg—s
Vs, z,y) - | =
Cost(s U{z — y}) = Cost(s) + cost(x — y)

We have proved that tree(g) is not empty, since the graph ¢ is connected;
the mst_set(g) containing every minimum spanning tree of the graph g is
defined as follows:

mst_set(g) =
{mst|mst € tree(g) N Vitr- (tr € tree(g) = Cost(mst) < Cost(tr))}

The set mst_set(g) is clearly not empty. The first «one shot» model is
refined into the new model which contains only one event span. We strengthen
the definition of the choice of the resulting tree by strengthening the condi-
tion over the set and by choosing a candidate in the set of possible Minimal
Spanning Tree trees.

span =
begin
st :€ mst__set(g)
end

The second model gradually computes the spanning tree by adding a new
edge to the current «under constructiony tree tr spanning a part of g. The tree
tr is defined over the set of already treated nodes, called tr_nodes. The event
progress is modified to handle the minimality criterion: the guard is modified
to integrate the choice of the minimum edge among the remaining possible
ones.
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progress =
select
remaining _nodes # ()
then
any z,y where
r,y€g N x,y €tr_nodes X remaining _nodes N
V(a,b) - (a € tr_nodes N
b € remaining nodes N
a,beg
=
cost(y — x) < cost(b — a))
then
tr:=tr U {y— a} ||
tr_nodes :=tr_nodes U {y} ||
remaining _nodes := remaining _nodes — {y}
end
end

The event span remains unchanged:

span =
select
remaining nodes = ()
then
st :=1tr
end

The invariant includes the invariant of the refined model of the generic
refinement and we add that the current spanning tree ¢r is a part of a minimum
spanning tree of the graph g:

T - (T € mst_set(g) N tr CT)

The invariant implies that after completion, when the event span occurs,
the current spanning tree ¢r is finally a minimal one. Since tree(g) is not empty,
then mst set(g) is not empty and a tree can be chosen in this non-empty set
to prove that a Minimal Spanning Tree exists (this Minimal Spanning Tree
contains ). So the invariant holds for the initialization, using the lemma 1.
The difficult task is to prove that the event progress maintains the invariant.
We can take the minimum spanning tree given by the invariant, if y +— x is in
this tree. Or else we must, provide another minimum tree which includes the
current one and the new edge y — .

In fact, textbooks provide algorithms implementing the greedy strategy
and we refer our explanations to the book of Cormen et al. [55]. The authors
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prove a theorem page 501 numbered 24.1 to assert that the choice of the two
edges is done following a given requirement, namely a safe edge (a safe edge
is a edge allowing the progress of the algorithm). We recall the theorem:

Theorem 5. (24.1, p 501 from [55])

Let g be a connected, undirected graph on ND (set of nodes) with a real-
valued weight function cost defined on g (edges). Let tr be a subset of ¢
that is included in some minimum spanning tree for g, let (tr _nodes, ND —
tr_nodes) be any cut of g that respects tr _nodes, and let (x,y) be a light edge
crossing (tr _nodes, ND —tr nodes). Then edge (x,y) is safe for tr nodes.

Let us explain notions of cut, crosses and light edge. A cut
(tr _nodes, ND — tr nodes)) of an undirected graph g is a partition of N D.
An edge (x,y) crosses the cut (tr_nodes, ND — tr _nodes) if one of its end-
points is in ¢ _nodes and the other is in ND — tr _nodes. An edge is a light
edge crossing a cut if its weight is the minimum of any edge crossing the cut.
A light edge is not unique.

Proof: Let T be a minimum spanning tree that includes tr, and assume that
T does not contain the light edge (x,y), since if it does, we are done. We shall
construct another minimum spanning tree T that includes tr U {(z,y)} by
using a cut-and-paste technique, thereby showing that (x,y) is a safe edge for
tr. The edge (x,y) forms a cycle with the edges on the path p from x to y in
T. Since x and y are on opposite sides of the cut (tr _nodes, ND —tr nodes),
there is at least one edge in T' on the path p that also crosses the cut. Let (a,b)
be any such edge. The edge (a,b) is not in tr, because the cut respects tr. Since
(a,b) is on the unique path from x to y in T, removing (a,b) breaks T into
two components. Adding (x,y) reconnects them to form a new spanning tree
T =T —{(a,b)} U {(x,y)}. We next show that T' is a minimum spanning
tree. Since (x,vy) is a light edge crossing (tr_nodes, ND—tr nodes) and (a,b)
also crosses this cut, cost(x,y) < cost(a,b). Therefore,
Cost(T") = Cost(T) — cost(a,b) + cost(z,y)
< Cost(T)

But T is a minimum spanning tree, so that Cost(T) < Cost(T'); thus,
T' must be a minimum spanning tree also. It remains to show that (z,y) is
actually a safe edge for tr. We have tr C T’, since tr C T and (a,b) & tr ;
thus, tr U{(z,y)} C T". Consequently, since T' is a minimum spanning tree,
(x,y) is safe for tr. O

We have to prove the property above that has been in fact adapted into
the B proof engine. However, it is not a simple exercise of translation but
a complete formulation of graph-theoretical aspects; moreover, the proof has
been completely mechanized, as we will show in the next subsection. Let
us compare the theorem and our formulation. The pair (tr nodes, ND —
tr _nodes) is a cut in the left part of the implication; the restriction of the
tree f to the set of nodes tr_nodes is a tree rooted by r; (x,y) crosses the
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cut. Those assumptions imply that there exists a spanning tree sp rooted by
r that is minimum on ¢{r_nodes and such that there exists a light cut (a,b)
preserving the minimality property. Hence, we express formally the property
and it is proved separately:

Y(T,tr_nodes,z,y) - (
tr _nodes C ND AN ye ND A atree(r, ND,T)
r€tr nodes N x €tr nodes A (y ¢ tr nodes) A
atree(r,tr_nodes, (tr_nodes — {r} <T > tr _nodes)) A
VS-(SCND ANyeS AT[S|CS= Sntr_nodes # 0)
=
A(a, b, T") - (
a,beT A ad¢tr nodes AN betr nodes N
atree(r, ND,T") A
T"C(T U T '—{b—aa—b)U{y—az} A
Cost(T") = Cost(T) — cost(b +— a) + cost(y — x) A
y—xzeT A
(tr_nodes — {r} <T >tr_nodes) CT"))

We have introduced a predicate atree(root,nodes,tree) stating that a
structure tree is a tree on the set nodes and whose root is root:

atree(root, nodes, tree) =
root € nodes A
tree € nodes — {root} — nodes A
Vq-(q Cnodes A root€q A tree l[q] Cq = nodes=q)

The property is the key result for ensuring the optimality of the greedy
strategy in this process. In the next subsection, we detail the proof of our
theorem.

6.5 On the Theory of Trees

As we have mentioned previously, trees play a central role in the justification
of the algorithm; the optimality of the greedy strategy is mainly based on the
proof of the theorem used by Cormen et al. [55]. We should now detail the
theory of trees and intermediate lemmas required for deriving the theorem.
Both the development of the tree identification protocol IEEE 1394 [12] and
the development of recursive functions [40] require proofs related to the closure
of relations; we apply the same technique for the closure of a function defining
a tree.

Let (T,r) be a tree defined by a tree function T" and a root r; they satisfy
the following axioms atree(r, ND,T). The closure ¢l of T~! is the smallest
relation containing id(N D) and stable by application of T~!, that is:
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cdeND «— ND A
id(ND) C ¢l A
(cl;T~Y) C e A
vr - (
re ND < ND A
id(ND) C r A
(T CrA
=
cd Cr
)

Useful properties on the closure can be derived from those definitions; for
instance, the closure is a fix-point; the root r is connected to every node of
the connected component; the closure is transitive, etc. We summarize those
properties using our notations:

¢l = id(ND) U (cl;TY);
rx ND C cl;

(T~ dl) C

(cl;el) C el

T N cl =0

cl N el~! Cid(ND);

Theorem 6. (Concatenation of two separate trees)
atree(r1, N1,T1)
atree(rg, Ny, Ts
Let Ty, 71, N1, T, 9, No, z be such that: { N1 N Ny =)
NiUNy=ND
xr e Ny
Then atree(r1, ND,Th U Ty U {rg — z}).

Proof Sketch: The proof is made up of several steps. A first step proves that
the concatenation is a total function over the set N7 U Ny. A second one leads
to a more technical task and we should prove the inductive property over trees
using a splitting of the inductive variable S (S N Ny and S N Ny). O

Theorem 7. (Subtree property)
Let (T,r) be a tree on ND (atree(r, ND,T)) and b a node in ND.
Then atree(b, cl[{b}], (cl[{b}] — {b} < T))

Proof Sketch: The main difficulty is related to the inductive part. We must
prove that, if S C cl[{b}], b € S and (cl[{b}] — {b} < T)~'[S] C S, then
cl[{b}] C S. We use the inductive property on T' with the set S U ND —

c[{b}]. O
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Theorem 8. (Complement of a sub-tree)
Let (T,r) be a tree on ND and b a node in ND.
Then atree(r, ND — cl[{b}], (cl[{b}] < T)).

Proof Sketch: We should prove that, if S C ND — cl[{b}], b € S and
(cl[{b}] < T)~YS] € S, then ND —¢cl[{b}] C S. A hint is to use the
inductive property on 7" with the set S U cl[{b}]. O

Now, we must characterize the sub-tree, where we have reversed the edge
between y to the root b. Let subtree(T,b) be the subtree of T with b as root
(it’s cl[{b}] — {b} < T). This following function seems to be a good choice:

(cl=Y{y}] < subtree(T,b)) U (cI=1[{y}] < subtree(T,b))~!

(eI~ [{y}] < subtree(T, b))~ is exactly all reverse edges. cl~'[{y}] is the
set, of all parents of y. O

Theorem 9. (Reverse from y to b produces a tree)

be ND
Let b,y such that: {y € cl[{b}]

Then atree(y, cl[{b}], (I~ [{y}] < subtree(T,b)) U (cI= [{y}|<subtree(T,b))~t)

Proof Sketch: In this case we must use an induction on the tree cl[{b}]
and sometimes use an second induction with the inductive property in
hypothesis.O

Theorem 10. (Ezistence of a spanning tree)
byaeT
Let a,b,z,y such that { y € cl[{b}]
x: ND — cl[{b}]
Then there exists a tree T' such that:
T"C (TU T t—{a—bbr—a}) U {y— z}
atree(r, ND,T")
Cost(T") = Cost(T) — cost(b+— a) + cost(y +— x)
y—x €T’
cdl{b}] «T < 1T’

Proof Sketch: T is obtained by concatenation of . the two trees identified
in the two previous lemmas. Both trees are linked by the edge y — x. O

Finally, we have to prove the existence of an edge b — a which is safe in
the sense of the greedy strategy.
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Theorem 11. (Ezistence of b — a)
tr _nodes C ND
y € ND —tr_nodes
r € lr_nodes
SCND ANyeS ANT[S]CS
VS| =
SNtr nodes # 0
a € tr nodes
b—aecT
b ¢ tr nodes
bed{y}]

The property of the existence of a minimum spanning tree can now be
derived using lemmas and the proof of the property is then completely mech-
anized. The development of Prim’s algorithm leads us to state and to prove
properties over trees. The inductive definition of trees helps in deriving in-
termediate lemmas asserting that the growing tree converges to the Minimal
Spanning Tree, according to the greedy strategy. The resulting algorithm is
completely proved and we can partially reuse current developed models to ob-
tain Dijkstra’s algorithm or Kruskal’s one. The greedy strategy is not always
efficient and the optimality of the resulting algorithm is proved by the theorem
24.1 [55]. The greedy method is based on optimisation criteria and we have
developed a collection of models [44] which can be used to be instantiated,
when the greedy strategy is applicable and when some optimisation criterion
is verified.

Let tr nodes,y such that:

Then there exists a and b such that:

7 Design of Distributed Algorithms by Refinement

Developing distributed algorithms can be made simpler and safer by the use
of refinement techniques. Refinement allows one to gradually develop a dis-
tributed algorithm step by step, and to tackle complex problems like the PCI
Transaction Ordering Problem [38] or the IEEE 1394 [12]. The B event-based
method [5] provides a framework integrating refinement for deriving models
solving distributed problems.

The systems under consideration for our technique are general software
systems, control systems, protocols, sequential and distributed algorithms,
operating systems and circuits; these are generally very complex and have
parts interacting with an environment. A discrete abstraction of such systems
constitutes an adequate framework: such an abstraction is called a discrete
model. A discrete model is more generally known as a discrete transition sys-
tem and provides a view of the current system; the development of a model in
B follows an incremental process validated by refinement. A system is modeled
by a sequence of models related by the refinement and managed in a project.
We limit the scope of our work to distributed algorithms modeled under the
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local computation rule [48] in graphs and we specialize the proof obligations
with respect to the target of the development which is a distributed algorithm
fitting safety and liveness requirements.

The goal of the IEEE 1394 protocol is to elect in a finite time a specific
node, called the leader, in a network made of various nodes linked by some
communication channels. Once the leader is elected, each non-leader node in
the network should have a well defined way to communicate with it. This
election of the leader has to be done in a distributed and non-deterministic
way. The current development partially replays the IEEE 1394 protocol devel-
opment: the resulting algorithm is not the IEEE 1394 protocol. In fact, we are
presenting the development of a distributed leader election and we partially
reuse the models of the IEEE 1394 protocol development: the first, second and
third models are reused from our paper [12] and the contention is solved by
assigning a static priority to each site. The resulting algorithm is derived from
the last B model.

7.1 The Basic Mathematical Structure

Before considering details of the protocol, we choose to give a very solid def-
inition to the main topology of the network. It is essentially formalized by
means of a set N D of nodes subjected to the following assumptions:

1. the network is represented by a graph g

built on ND, gC NDx ND
2. the links between the nodes are bidirec-| g= g=!

tional, id(ND) ng =0
3. anode is not directly connected to itself.

Items 2 and 3 above are formally represented by a symmetric graph whose
domain (and thus co-domain too) corresponds to the entire finite set of nodes.
The symmetry of the graph is due to the representation of the non-oriented
graph by pairs of nodes and the link x — y is represented by the two pairs
x +— gy and y — x. [tem 4 is rendered by saying that the graph is not reflexive.

There are two other very important properties of the graph: it is connected
and acyclic. Both these properties are formalized by claiming that the relation
between each node and the spanning trees of the graph having that node as
a root, that this relation is total and functional. In other words, each node
in the graph can be associated with one and exactly one tree rooted at that
node and spanning the graph. We can model a tree by a root r, which is a
node: » € ND, and a parent function ¢ (each node has an unique parent node,
except the root): t € ND — {r} — ND. The tree is an acyclic graph.
A cycle ¢ in a finite graph ¢ built on a set N < D is a subset of ND whose
elements are members of the inverse image of ¢ under ¢, formally: ¢ C ¢~ ![c].
To fulfil the requirement of acyclicity, the only set ¢ that enjoys this property
is thus the empty set. This can be formalized by the left predicate that follows,
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which can be proved to be equivalent to the one situated on the right, which
can be used as an induction rule:

Ve - (¢cCND A ceCtl] = c=0)

=

Vg- (¢S ND ANreqg ANt l[gCq = ND=gq)

We prove the equivalence using the tools Atelier B [52] and B4free/-
Click’n’Prove [53]. We can now define a spanning tree (with root r and parent
function t) of a graph g as one whose parent, function is included in g, formally:

spanning (r,t,g) =
re ND A
t € ND—{r} — ND A
Vg-(¢CND A req A t7'gJCqg = ND=gq) A
t Cg

As mentioned above, each node in the graph can be associated with exactly
one tree rooted at that node and which spans the graph. For this, we define
the following total function f connecting each node r of the graph with its
spanning tree f(r):

fe€ND — (ND -+ ND)

re ND A

te ND -+ ND

=

t = f(r) < spanning(r,t,g)

Y(r,t) -

The graph g and the function f are thus two global constants of the prob-
lem. Since g and f are not instantiated, we have not to deal with the size of
network and automatic techniques based on model checking are not helpful for
understanding how the algorithm is working. The special issue [54] presents
a collection of verification techniques using model checking and the size of
the network is clearly a practical bound. On the contrary, the verification
using PVS [56] and I/O automata is more adequate than model checking,
but invariants and proofs remain very difficult to understand. It is why we
advocate the use of the refinement which provides and incremental way to
derive both the algorithm and the proof. Moreover, the refinement allows us
to derive a new leader election distributed algorithm, which is not possible in
the verification-oriented approach.
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7.2 The First Model leaderelection0: the One-shot Election

From the basic mathematical structure developed in previous section, the
essence of the abstract algorithm implemented by the protocol is very simple:
it consists in building gradually (and non-deterministically) one of the span-
ning trees of the graph. Once this is done, then the root of that tree is the
elected leader and the communication structure between the other nodes and
the leader is obviously the spanning tree itself . The protocol, considered glob-
ally, has thus two variables: (1) the future spanning tree, sp, and (2) the future
leader, ld. The gradual construction of the spanning tree simulates induction
steps.

The first formal model of the development contains definitions and prop-
erties of the two global constants (the above graph g and function f together
with their properties), and the definition of the two mentioned global vari-
ables sp and Id typed in a very loose way: sp is a binary relation built on N D
and Id is a node. The dynamic aspect of the protocol is essentially made of
one event, called elect, which claims what the result of the protocol is, when it
is completed. In other words, at this level, there is no protocol, just the for-
mal definition of its intended result, namely a spanning tree sp and its root ld.

As can be seen, the election is done

olect — in one step. In other words, the span-
begin ning tree appears at once. The anal-
1d, sp : spanning (Id, sp, g) ogy of someone closing and opening
end, T eyes can be used here to ezplain the
process of election at this very ab-

stract level.

7.3 Refining the First Model leaderelection0

In this section, we present two successive refinements of the previous initial
model. In the first one, we give the essence of the distributed algorithm. In the
second refinement, we introduce some communication mechanisms between
the nodes.

First Refinement leaderelectionl: Gradual Construction of a
Spanning Tree

In the first model leaderelection0, the construction of the spanning tree was
performed in one shot. Of course, in a more realistic (concrete) formalization,
this is not the case any more. In fact, the tree is constructed on a step by step
basis. For this, a new variable, called tr, and a new event, called progress, are
introduced. The variable tr represents a sub-graph of g, it is made of several
trees (it is thus a forest) which will gradually converge to the final tree, which
we intend to build eventually. This convergence is performed by the event
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MODEL
leaderelection0
SETS
ND
CONSTANTS
9. f
DEFINITIONS
spanning(r,t,g) =
re ND A
t € ND—{r} — ND A
Vg- (¢S ND AN req A t7H[qCqg = ND=gq) A
tCg
PROPERTIES
gCNDxNDAg=g*AdND)Ng =0AfeND—(ND-+ ND)

re ND A
V(r,t) - te ND -+~ ND
=
t= f(r) < spanning(r,t,g)
VARTABLES
ld,ts
INVARIANT
lde ND N spe ND - ND
ASSERTIONS
Ve-(x € ND = f(z)nf(z) ' =0)
INITTALISATION
ld :e ND| sp :€ ND - ND
EVENTS
elect =
begin
ld, sp : spanning (Id, sp, g)
end
END

Fig. 20. First model leaderelection0 for the distributed leader election algorithm

progress. This event involves two nodes x and y, which are neighbours in the
graph g. Moreover, x and y are supposed to be both outside the domain of ¢r.
In other words, each of them has no parent yet in ¢tr. However, the node x is
the parent of all its other neighbours (if any) in g. This last condition can be
formalized by means of the predicate g[{z}] = tr~'[{z}] U {y} since the set
of neighbours of z in g is g[{z}] while the set of sons of = in tr is tr~1[{z}].
When these conditions are fulfilled, then the event progress can be enabled
and its action has the effect of making the node y the parent of x in tr. The
abstract event elect is now refined. Its new version is concerned with a node
2 which happens to be the parent of all its neighbours in g. This condition
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is formalized by the predicate g[{z}] = tr~![{z}]. When this condition is
fulfilled the action of elect makes = the leader (d and ¢r the spanning tree sp.
Next are the formal representations of these events

progress = elect =
any z,y where any x where
r,y € g N x ¢dom(tr) A y ¢ dom(tr) reND A
A gl{ad] = o {z}] U {y} gl{z}] = tr='[{z}]
then then
tr:=tr U {z— y} ld, sp := x,tr
end end

The new event progress clearly refines skip since it only updates the
variable tr which is a new wariable of this refinement with no existence
in the abstraction. Also notice that progress clearly decreases the quantity
card(g) — card(tr). The situation is far less clear concerning the refinement of
event elect. We have to prove that when its guard is true then ¢r is indeed a
spanning tree of the graph g whose root is precisely x. Formally, this leads to
proving the following

Vr-(x € ND A g[{z}] =tr~'[{z}] = spanning(z,tr,g))

According to the definition of the constant function f, the previous prop-
erty is clearly equivalent to

Vz-(z € ND A gl{z}]=tr—[{z}] = tr=f(x))

This means that ¢r and f(z) should have the same domain, namely ND —
{z}, and that for all n in ND — {z}, tr(n) is equal to f(z)(n). This amounts
to proving the following;:

ND = {z} U {n|ne ND—{z} A f(z)(n)=tr(n)}

This is done using the inductive property associated with each spanning
tree f(x). Notice that we also need the following invariants:

tre ND + ND
dom (tr) < (tr U tr~!) = dom(tr) < ¢
tr N tr-t =10

This new model, although more concrete than the previous one, is never-
theless still an abstraction of the real protocol: it just explains how the leader
can be eventually elected by the gradual transformation of the forest ¢r into
a unique tree spanning the graph g.
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REFINEMENT
leaderelectionl
REFINES
leaderelection0
VARIABLES
ld,ts,tr
INVARIANT
tre ND +— ND
dom (tr) <1 (tr U tr™') = dom(tr) < g
trn tr/t =0

ASSERTIONS

Vo (x € ND A gl{z}]=tr'[{z}] = tr=f(z))
INITTALISATION

ld :€ ND | sp :€ ND + ND | tr:=0
EVENTS
progress =

any z,y where
z,y €g N x ¢ dom(tr) A y ¢ dom(tr)
A glz}] = o {z}] U {y}
then
tr:=tr U {z— y}
end ;
elect =
any x where
e ND A
gl{z}] = tr~*{z}]
then
ld, sp := x, tr
end

END

Fig. 21. Second model leaderelectionl for the distributed leader election algorithm

Second Refinement leaderelection2: Introducing Communication

Channels

In the previous refinement, the event progress was still very abstract: as soon
as two nodes x and y with the required properties were detected, the corre-
sponding action took place immediately: in other words, y became the parent
of x in one shot. In the real protocol things are not so magic: once a node x
has detected that it is the parent of all its neighbours except one y, it sends a
request to y in order to ask it to become its parent. Node y then acknowledges
this request and finally node x establishes the parent connection with node y.
This connection, which is thus established in three distributed steps, is clearly
closer to what happens in the real protocol. We shall see however in the next
refinement that what we have just described is not yet the final word. But
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let us formalized this for the moment. In order to do so, we need to define
at least two new variables: req, to handle the requests, and ack, to handle
the acknowledgements. req is a partial function from ND to itself. When a
pair x — y belongs to req it means that node x has send a request to node
y asking it to become its parent: the functionality of req is due to the fact
that = has only one parent. Clearly, req is also included in the graph g. When
node y sends an acknowledgement to x this is because y has already received
a request from x: ack is thus a partial function included in regq.

Notice that when a pair x — y belongs to ack,
req € ND -+ ND it means that y has sent an acknowledgment to

-
re(]]C c g z (clearly y can send several acknowledgements
ack = req since it might be the parent of several nodes).
tr C ack

It is also clear that it is not possible in this

-1 _
ack N ack™ =0 case for the pair y — x to belong to ack.

The final connection between x and y is still represented by the function
tr. Thus tr is included in ack. All this can be formalized as shown. Two
new events are defined in order to manage requests and acknowledgements:
send req, and send ack. As we shall see, event progress is modified, whereas
event elect is left unchanged. Here are the new events and the refined version
of progress:

send req = send ack =
any =,y where any x,y where
r,y€g N y,x¢ack A T,y €req A
x ¢ dom (req) A x,y & ack A
gl{z}] =tr~'[{=}] U {y} y ¢ dom (req)
then then
req:=req U {x+— y} ack == ack U {z — y}
end end
progress =
any z,y where
x,y € ack A
x ¢ dom (tr)
then
tr:=tr U {z—y}
end

Event send req is enabled when a node x discovers that it is the parent
of all its neighbours except one y: g[{z}] = tr~'[{z}] U {y}. Notice that, as
expected, this condition is exactly the one that allowed event progress in the
previous model to be enabled. Moreover £ must not have sent already a re-
quest to any node: z ¢ dom (req). Finally  must not have already sent an
acknowledgement to node y: y,x ¢ ack. When these conditions are fulfilled
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then the pair x +— y is added to req. Event send _ack is enabled when a node
y receives a request from node x, moreover y must not have already sent an
acknowledgement to node x: z,y € req and z,y ¢ ack. Finally node y must
not have sent a request to any node: y ¢ dom (req) (we shall see very soon
what happens when this condition does not hold). When these conditions are
fulfilled, node y sends an acknowledgement to node x: the pair x — y is thus
added to ack. Event progress is enabled when a node x receives an acknowl-
edgement from node y: z,y € ack. Moreover node x has not yet established
any parent connection: z ¢ dom (¢r). When these conditions are fulfilled the
connection is established: the pair x — y is added to tr.

Events send req and send ack clearly refine skip. Moreover their ac-
tions increment the cardinal of req and ack respectively (these cardinals are
bounded by that d g). It remains for us to prove that the new version of event
progress is a correct refinement of its abstraction. The actions being the same,
it just remains for us to prove that the concrete guard implies the abstract
one. This amounts to proving the following left predicate, which is added as
an invariant:

x,y €ack A
x ¢ dom (tr)
=
v (Z‘, y) ' T,y €y A
x ¢ dom(tr) A
y ¢ dom(tr) A
gl{=}] = tr~'[{z}] U {y}

T,y €req A
x,y & ack
=
Vz,y)- | z,yeg A
x ¢ dom(tr) A
y ¢ dom(tr) A
gl{z}] = tr7'{a}] U {y}

When trying to prove that the left predicate is maintained by event
send ack, we find that the right predicate above must also be proved. It
is thus added as a new invariant, which is, this time, easily proved to be
maintained by all events.

The problem of contention. The guard of the event send ack above con-
tains the condition y ¢ dom (req). If this condition does not hold while the
other two guarding conditions hold, that is z,y € req and z,y ¢ ack hold,
then clearly x has sent a request to y and y has sent a request to z: each
one of them wants the other to be its parent! This problem is called the con-
tention problem. In this case, no acknowledgements should be sent since then
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each node x and y would be the parent of the other. In the real protocol
the problem is solved by means of timers. As soon as a node y discovers a
contention with node x, it waits for very a short delay in order to be certain
that the other node = has also discovered the problem. The very short delay
in question is at least equal to the message transfer time between nodes (such
a time is supposed to be bounded). After this, each node randomly chooses
(with probability 1/2) to wait for either a short or a large delay (the difference
between the two is at least twice the message transfer time). After the chosen
delay has passed each node sends a new request to the other if it is in the
situation to do so. Clearly, if both nodes choose the same delay, the contention
situation will reappear. However if they do not choose the same delay, then
the one with the largest delay becomes the parent of the other: when it wakes
up, it discovers the request from the other while it has not itself already sent
its own request, it can therefore send an acknowledgement and thus become
the parent. According to the law of large numbers, the probability for both
nodes to indefinitely choose the same delay is null. Thus, at some point, they
will (in probability) choose different delays and one of them will thus become
the parent of the other. Rather than to reuse the complete IEEE 1394 devel-
opment [12], we reuse a part of the development and develop a new solution
for solving the contention problem; the new algorithm was discovered after a
misunderstanding of the IEEE 1394 initial solution.

When two nodes are in contention (and at most two nodes can be in
contention, it has been proved mechanically and formally), each node can not
send an acknowlegment to the other node; one of them should not be able to
send this ack and the other one must do it. The main idea is to introduce a
unique counter called ctr and it means that each node is uniquely identified
and must be identifiable. In a real network, one can assume that equipments
might be uniquely identified by an unique address, for instance, but it not the
general rule. The IEEE 1394 protocol does not make any assumption on the
identification of nodes.

ctr € ND»— N

The new event is called solve cnt. Like for send ack, the action of this
event adds the pair x — y to ack.

solve_cnt =
any z,y where
x,y €req—ack A ye€dom(req) A ctr(z) < ctr(y)
then
ack :=ack U {x+— y}
end

The two differences with the guard of event send ack concern the condition
y € dom (req), which is true in solve cnt and false in send _ack and the guard
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ctr(z) < ctr(y) is added to the event solve cnt. Since ctr is an injection, both
nodes x and y can not both trigger this event. The proof of the invariant
requires the following extra invariants:

x,y € req —ack N
y € dom (req)

=
Y, € req

V(xay) '

x,y € req —ack N
y € dom (req) A
V(z,y) | ctr(z) <ctr(y)
=
x,y ¢ ack

T,y €req N

z € g[{a}] A
V(x,y,z)- Z#y

=

zZ,x €1lr

The complete formalization of the contention solution of the real IEEE 1394 pro-
tocol (involving the timers and the random choices) is not addressed neither
in the current development, nor in the paper [12]. Further work on the inte-
gration of timers should be done.

7.4 Last Refinements: Localization

In the previous refinement, the guards of the various events were defined in
terms of global constants or variables such as g, tr, req, ack. A closer look
at this refinement shows that these constants or variables are used in expres-
sions of the following shapes: g~ '[{x}], tr=*[{z}], ack~*[{z}], dom (req), and
dom (tr). These shapes dictate the kind of data refinement we now undertake.

Fourth, fifth and sixth models progressively introduce local informations,
which are related to abstract global values. The models are in the figures 23,
24 and 25; the model leaderelectiond introduces messages communications
(TR, REQ, ACK).

We declare five new variables nb (for neighbours), ch (for children), ac (for
acknowledged), dr (for domain of req), and dt (for domain of ¢r). Next are the
declarations of these variables together with their simple definitions in terms
of the global variables.
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REFINEMENT leaderelection2
REFINES leaderelectionl
CONSTANTS
ctr
PROPERTIES
ctr € ND — N
VARIABLES
ld,ts,tr,req, ack
INVARIANT
req € ND +— ND
req C g
ack C req
tr C ack
ack N ack™ =0
v ('Tv y)'
x,y €ack A
x ¢ dom (¢r)
=
T,y E€qg VAN
x ¢ dom(tr) A
y ¢ dom(tr) A
gl{z}] = tr'[{z}] U {y}
v (JJ, y)
T,y € req AN
z,y ¢ ack
=
T,y E€g VAN
x ¢ dom(tr) A
y ¢ dom(tr) A
gl{z}] = tr~[{z}] U {y}
x,y €req —ack A
y € dom (req)
=
Y, x € req
T,y € req —ack A
y € dom (req) A
V(x,y) - ctr(x) < ctr(y)
=
z,y ¢ ack
T,y € req A
zeglfal] A
v ('Tv Y, Z) ' z 7é Yy
=
z,xr €tr

V(Jl,y) :

Fig. 22. Third model leaderelection2 for the distributed leader election algorithm

ASSERTIONS
id(ND) N ack =
id(ND) N req =
id(ND) N tr = 0

INITTALISATION
ld :€ ND | tr:=0 |lack:=0 |
sp :€ ND —+ ND |req:=0

EVENTS

send req =
any z,y where

z,y€g N y,x¢ack A

x ¢ dom (req) A

gz}l =tr[{z}] U {y}
then

req:=req U {x — y}
end ;

send ack =
any z,y where

T,y €req N

x,y ¢ ack A

y ¢ dom (req)
then

ack = ack U {z — y}
end ;

solve_cnt =
any z,y where

T,y € req —ack A

y € dom (req) A

ctr(z) < ctr(y)
then

ack :=ack U {z — y}
end;

progress =
any z,y where

xz,y € ack N x ¢ dom (tr)
then
tr:=tr U {z— y}
end;
elect =

0
0

any x where

xe ND A

gl{z}] = tr~[{z}]
then

ld, sp ==z, tr
end

END
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REFINEMENT
leaderelection3
REFINES
leaderelection2
CONSTANTS
nb
PROPERTIES
nb € ND — P(ND)

VARIABLES
ld,ts,tr,req, ack, ch
INVARIANT
ch € ND — P(ND)

INITTIALISATION

EVENTS
elect =
any z where
re€ND A
nb(z) = ch(z)
then
ld:==x
end
send req =
any z,y where

x ¢ dom (req) A
then

end ;
receive_cnf =

any z,y where
T,y €tr A
z ¢ ch(y)

then
ch(y) = ch(y) U

end

END

V- (z € ND = nb(z) =

Vo -(z € ND = ch(z) C

ld :€ ND |ch=ND x {0}
tr:=10 ||jreq =0 ||ack := 0

T,y€g N y,x&ack A
nb(z) = ch(z) U {y}

req:=req U {x+— y}

9~ {=})

tr[{z}])

{z}

123

Fig. 23. Fourth model leaderelection3 for the distributed leader election algorithm
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REFINEMENT
leaderelection4
REFINES
leaderelection3
VARTABLES
ld,ts,tr,req, ack, ch,dr, ac, dt
INVARIANT
ac € ND — P(ND)
dr C ND
dt € ND
Vo (xr € ND = ac(z) = ack™'[{z}])
dr = dom (req)
dt = dom (tr)
INTITTALISATION
ld :€ ND |ch=ND x {0}
tr:=10 ||req:=0 ||lack :==0 ||
ac=ND x {0} ||dr =0 ||dt := 0 ||
EVENTS
send _req =
any z,y where
x € ND—dr N y€ ND —ac(z) AN nb(x) =ch(z) U {y}
then
req:=req U {z —y} || dr:=dr U {z}
end
send ack =
any z,y where
r,y€req AN xdacly) AN yédr
then
ack = ack U {x — y} || ac(y) :=ac(y) U {z}
end
solve_cnt =
any z,y where
x,Yy € req A
x&acly) ANyedr A ctr(z) <ctr(y)
then
ack :==ack U {x — y} || ac(y) :=ac(y) U {z}
end
progress =
any z,y where
z,y €ack A x¢dt
then
tr:=tr U {z—y} || dt:=dt U {z}
end

END

Fig. 24. Fifth model leaderelection4d for the distributed leader election algorithm
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REFINEMENT leaderelectionb
REFINES leaderelection4
VARTABLES
ld,ts, TR, REQ, ACK,ch,dr,ac,dt
INVARIANT
REQe NDxND A req= REQUack N REQ N ack =10
ACK € NDxND A ack=ACKUtr N ACK N tr=1
TReNDxND A TR C tr A Y(z,y) (z,y € TR = x ¢ ch(y))
INITTALISATION
ld :€ ND |ch=ND x {0} |lac = ND x {0} ||dr :=0 ||dt =0 ||
TR:=0| REQ:=0|ACK:=10
EVENTS
send _req = Local node z
any z,y where
x € ND —dr N y € ND —ac(z) A nb(z) =ch(z) U {y}
then
REQ:=REQ U {z—y} | dr:=dr U {z}
end
send _ack = Local node y
any z,y where
z,y € REQ A yé¢dr
then
REQ := REQ —;{z—y} || ACK := ACK U {z— vy} |
ac(y) i= ac(y) U {z}
end
solve _cnt = Local node y
any z,y where
z,y € REQ N ye€dr AN cr(z)<ctr(y)
then
REQ := REQ —;{z— vy} || ACK := ACK U {z—y} |
ac(y) i= ac(y) U {z}
end
progress = Local node x
any z,y where
z,y € ACK
then
ACK := ACK — {z—y} || TR:=TR U {z—y} || dt:=dt U {z}
end
receive_cnf = Local node y
any z,y where
z,y € TR
then
TR:= TR ~;{x —y} | ch(y) := ch(y) U {a}
end
END

Fig. 25. Sixth model leaderelection5 for the distributed leader election algorithm
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nbe ND — P(ND)
ch e ND — P(ND)
ace ND — P(ND)
dr € ND
dt € ND

Ve (x € ND = nb(x)
Ve -(x € ND = ch(x)
Ve (x € ND = ac(x)
dr = dom (req)
dt = dom (tr)

9~ {=}])
tr=[{z}])
ack™'[{z}])

i

Given a node z, the sets nb(x), ch(z), and ac(x) are supposed to be stored
locally within the node. As the varying sets ch(z) and ac(x) are subsets of
the constant set nb(x), it is certainly possible to further refine their encoding.
Likewise the two sets dr and dt still appears to be global, but they can clearly
be encoded locally in each node by means of local boolean variables.

It is worth noticing that the definition of variable ch above is not given in
terms of an equality, rather in terms of an inclusion (this is thus not really a
definition). This is due to the fact that the set ch(y) cannot be updated while
the event progress takes place: this is because this event can only act on its
local data.

A new event in leaderelection3, receive cnf (for receive confirmation) is
thus necessary to update the set ch(y). Next are the refinement of the various
events.

send req =
elect = any z,y where
any z where xe€ND —dr A
xeND A y € ND —ac(xz) A
nb(z) = ch(x) nb(z) = ch(x) U {y}
then then
Id =z req:=req U {z—y} |
end dr :=dr U {z}
end
cend ack — solve _cnt =
— any z,y where
any z,y where T,y Ereq A
r,yereq A x’¢ acly) A
Y
¢ ac(y) A yedr A
y ¢ dr ctr(z) < ctr(y)
then
then
ack :=ack U {z— y} || ack = ack U {z— y} |
ac(y) == ac(y) U {z} ac(y) == ac(y) U {z}
end .
end
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progress = .
receive cnf =
any z,y where anyia: y where
x,y €ack A xy,etr/\
x ¢ dt ’
then x ¢ ch(y)
tr:=tr U {z—y} | the]zl()._ h(y) U {z}
dt :==dt U {z} CY) = ey *
end
end

Proofs that these events correctly refine their respective abstractions are
technically trivial. We now give in the following table, the local node in charge
of each event as encoded above

event node
elect x
send _req x
send ack Y
solve cnt Y
progress x
receive cnf Y

The reader could be surprised yet to see formulas such as req := req U
{z — y} or x,y € req. They correspond in fact to writing and reading opera-
tions done by corresponding local nodes as explained in the following table:

formula explanation

req:=req U {x — y} z sends a request to y

T,y € req y reads a request from x

ack :=ack U {z — y} y sends an acknowledgement to x
x,y € ack x reads an acknowledgement from y
tr:=tr U {z—y} x sends a confirmation to y
x,y €tr y reads a confirmation from y

The total number of proofs (all done mechanically with Atelier B [52]
and Bdfree/Click'n’Prove [53]) amounts to 106, where 24 required an easy
interaction. Proofs help us to understand the contention problem and the
role of graph properties in the correctness of the solution. The refinements
gradually introduce the various invariants of the system. No assumption is
made on the size of the network. The proof leads us to the discovery of the
confirmation event to get the complete correctness and we choose to introduce
a priority mechanism to solve the contention, which is not the solution of the
IEEE 1394 protocol: a new leader election distributed algorithm is proposed.
ACK,REQ and TR model communication channels; they contain messages
which are currently sent and not yet received. We give the algorithm for the
local node = and z sends messages to another node y. We assume that each
site has a unique number and ctr is defined by this assignment.
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Leader Election Algorithm
Local Node =x¢€ ND

if nb=ch then Id:=x fi
if mes(y,ack) € ACK

then
send(mes(x,tr),y) || dt == dt U {y} ||
ACK := ACK — {mes(y,ack)} fi
if —drAy¢acAnb=chU{y}
then
send(mes(x,req),y) || dr :=TRUE fi
if mes(y,req) € REQ A —dr
then
send(mes(x,ack),y) || ac:= acU{y} |
REQ := REQ — {mes(y,req)} fi
if mes(y,req) € REQ A dr A ctr(y) < ctr(x)
then
send(mes(x,ack),y) || ac:= acU{y} |
REQ := REQ — {mes(y,req)} fi
if mes(y,tr) € TR
then
ch:=chU{y} | TR :=TR— {mes(y,tr)}

Local variables nb,ch,ac C ND,ld € ND,dr,dt € Bool

fi

We have used programming-like notations for modelling messages commu-
nications (see model leaderelection5 25) and we detail the meaning of each

communication primitive:

send(mes(x,req),y) adds the message mes(x,req) to REQ.
send(mes(x, ack),y) adds the message mes(z,req) to ACK.
send(mes(x,tr),y) adds the message mes(z,req) to TR.

Our algorithm is correct with respect to the invariant of the development;
we have not mentionned the question of termination. The termination is de-
rived, when one assumes a minimal fairness for each site: if a site can trigger

an event, it will eventually trigger it, as long as it remains enabled.

8 Conclusion

B gathers a large community of users whose contributions go beyond the scope
of this document; we focus our topics on the event B approach to illustrate
the foundations of B. Before to conclude our text, we should complete the B

landscape by an outline of work on B and with B.
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8.1 Work on B and with B

The series of conferences [24-26,28,65,104] on B (in association with the Z
community) and books [2,61, 66, 75,101] on B demonstrate the strong activity
on B. The expressivity of the B language lead to three kinds of work using
concepts of B: extension of the B method, combination of B with another
approach and applications of B. We have already mentioned applications of
the B method in the introduction and, now, we sketch extensions of B and
proposals to integrate B with other methods:

Extending the B Method

The concept, of event as introduced in B by Abrial [3] acts on the global
state space of the system and has no parameter; on the contrary, Papatsaras
and Stoddart [92] contrast this global style of development with one based
on interacting components which communicate by means of shared events;
parameters in events are permitted. The parametrisation of events is also
considered by Butler and Walden [35] who are implementing action systems
in the B AMN.

Events may or may not happen and new modalities are required to man-
age them; the language of assertions of B is becoming too poor to express
temporal properties like liveness, for instance. Abrial and Mussat [15] intro-
duce modalities into abstract systems and develop proof obligations related
to liveness properties; Méry [83] shows how the B concepts can be easily used
to deal with liveness and fairness properties. Bellegarde et al [23] analyse the
extension of B using the LTL logic and the impact on the refinement of event
systems. Problems are related to the refinement of systems while maintaining
liveness and even fairness properties; it is difficult and in many cases not pos-
sible, because the refinement maintains previously validated properties of the
abstract model and it can not maintain every liveness property.

Recently, Mclver et al [82,89] extend the Generalized Substitution Lan-
guage to handle probability in B; an abstract probabilistic choice is added to
B operators. A methodology is proposed to use this extension.

Combining B with Another Formalim

The limited expressivity of the B language has inspired work on several pro-
posals. Butler [33] investigates a mixed language including B AMN and CSP;
CSP is used to structure abstract machines; the idea is exploited by Schneider
and Treharne [99, 105] who control B machines.

Since diagrammatic formalisms offer a visual representation of models,
another integration of B with UML is achieved by Butler [34] and by Le Dang
et al [77 79]; B provides a semantical framework to UML components and
allows one to analyse UML models. An interesting problem would be to study
the impact of the B refinement into UML models.
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Mikhailov and Butler [86] combine the theorem proving and the model
checking and focus on the B-method and a theorem proving tool associated
with it, and the Alloy specification notation and its model checker Alloy Con-
straint Analyser. Software development in B can be assisted using Alloy and
Alloy can be used for verifying refinement of abstract specifications.

8.2 On the Proof Process

The proof process is supported by a proof assistant which is either a part of the
environment called Atelier B [52] , or an environment called Click’n’Prove [8].
A free version is available [53]. Works on theories and reusing theories have
been addressed by J.-R. Abrial et all in [11].

8.3 Final Remarks

The design of (software) systems is an activity based on logico-mathematical
concepts such as set-theoretical definitions; it gives rise to proof obligations
that capture the essence of its correctness. The use of theoretical concepts is
mainly due to the requirements of safety and quality of developed systems; it
appears that the mathematics can help in improving the quality of software
systems. B is a method that can help the designers to construct safer systems
and it provides a realistic framework for developing a pragmatic engineering.
Mathematical theories [11] can be derived from scratch or reused; in forthcom-
ing work, mechanisms for re-usability of developments will demonstrate the
increasing power of the applicability of B to realistic case studies [10,12,42].
Tools are already very helpful and will evolve towards a tool-set for developing
systems. The proof tool is probably a crucial element in the B approach and
recent, developments of the prover, combined with the refinement, validates
the applicability of the B method to derive correct reactive systems from ab-
stract specifications. Another promising point is the introduction of patterns
in the event B methodology. In [4], Abrial describes the new B method mainly
related to B events; the project RODIN [69, 96] aims to create a methodology
and supporting open tool platform for the cost effective rigorous develop-
ment of dependable complex software systems and services, especially using
the event B method; it will provide a suitable framework for further work on
event B.
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